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Environmental-sensitive hydrogels are increasingly attracting the attention of 
researchers all over the world due to their remarkable behaviors of the volume phase 
transition, which causes swelling, shrinking and/or bending deformation. The hydrogel 
is responsive to small changes of the local environmental conditions. However, most 
studies have so far been experimental-based. The objective of this thesis is thus to 
develop multiphysics models with the capability of predicting the material properties 
and behavior of hydrogels responding to three kinds of environmental stimuli, namely 
the externally applied electric field, the pH-electric coupled stimuli and the blood 
glucose concentration of the surrounding solution. 
In general, the mobile ions diffuse between the surrounding solution and the 
porous hydrogel when a stimulus is applied to the environmental-sensitive hydrogel. 
The diffusive ion concentrations then redistribute in both the solution and hydrogel. As 
a result, an osmotic pressure is generated due to the concentration difference over the 
interface between the solution and hydrogel, which drives the swelling or shrinking 
deformation of the hydrogel. The deformation of the hydrogel will give rise to the 
redistribution of the diffusive ion concentration and fixed charge group density, which 
causes a new difference in diffusive concentrations. The recurrent kinetics continues 
until the hydrogel reaches an equilibrium state. 
Based on the mechanism mentioned above, this thesis presents a theoretical 
Summary 
viii 
framework for the analysis of the equilibrium behavior of the environmental-sensitive 
hydrogels. More specifically, it considers the chemo-electro-mechanical multi-energy 
coupled effects on the performance of the stimulus-responsive hydrogels to the blood 
glucose concentration, the pH-electric coupled stimuli and the externally applied 
electric voltage, respectively. They are presented by developing three mathematical 
models for those environmental-sensitive hydrogels, termed the Multi-Effect-Coupling 
Glucose-Stimulus (MECglu) model, the Multi-Effect-Coupling pH-Electric-Stimulus 
(MECpHe) model, and the refined Multi-Effect-Coupling Electric-Stimulus (rMECe) 
model, respectively. 
The models are examined by comparing the simulation results with 
experimental data published in open literature, and substantial agreements are achieved. 
It is thus confirmed that the three models, MECglu, MECpHe and rMECe models, are 
able to efficiently simulate the response of the environmental-sensitive hydrogels to 
the change of the blood glucose concentration, the coupled pH-electric stimuli and the 
externally applied electric voltage, respectively. Furthermore, systematical simulations 
are conducted here for discussion of the influences of many environmental conditions 
and physical parameters on the equilibrium behaviors of the environmental-sensitive 
hydrogels. They include the enzyme concentration and the initial fixed charge density 
within the hydrogel, the solution oxygen concentration, the solution pH, the ionic 
strength and ionic valence of surrounding solution, the Young’s modulus and the initial 
geometry of the hydrogel. In order to elucidate the complicated swelling mechanism, 
the studies are also carried out using the developed models for discussion of the effects 
Summary 
ix 
of these parameters on the distributions of the diffusive ionic concentrations and 
electric potential in both the hydrogel and the surrounding solution, on the distribution 
of the fixed charge density within the hydrogel, and on the degree of equilibrium 
swelling, the displacement and bending deformation of the environmentally sensitive 
hydrogels. Based on the simulations and discussions, several significant conclusions 
are drawn. They provide useful guideline for further understanding of material 
properties and responsive performance of the stimulus-responsive hydrogels to 
environmental change. The three models developed in this thesis can also be employed 
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Chapter 1  
Introduction 
 
1.1 A Brief Background of Smart Hydrogels 
 
Hydrogels are the hydrophilic polymers with the three-dimensional crosslinked 
macromolecular networks, and capable of imbibing large amount of water or biological 
fluid while maintaining their structure. In general, the hydrogels consist of three phases: 
the polymeric matrix solid phase, the interstitial fluid phase, and the ionic phase 
including the mobile ions and the fixed charged groups attached onto the polymeric 
chains. The solid matrix is crosslinked by homopolymers or copolymers with chemical 
or physical methods, such as tie-points, junctions, entanglements and crystallites 
(Stauffer and Peppas, 1992; Hickey and Peppas, 1995; Peppas and Mongia, 1997; 
Kizilay and Okey, 2003), and provides the structure and physical integrity of hydrogels 
which ensure them exhibiting a thermodynamic compatibility with water and allow 
them to swell in aqueous media (Flory and Rehner, 1943; Flory, 1953). 
According to the nature of the pendant groups attached onto the crosslinked 
polymeric networks, the hydrogels are classified into neutral or ionic ones (Peppas et 
al., 2000). The ionic hydrogels are ionizable and then called polyelectrolyte hydrogels. 
The ionic groups in the polyelectrolyte hydrogels are called fixed-charge groups due to 
their inertance compared with the mobility of the freely mobile ions in the interstitial 
fluid. Figure 1.1 shows the microscopic structure of a polyelectrolyte hydrogel, in 
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which the fixed charge groups are attached onto the crosslinked macromolecular 
chains that construct a three-dimensional polymeric network. The network is a 
superporous structure filled with interstitial fluid, where the ions undergo Brownian 
motion and diffuse in and out of the hydrogel. 
One of the most interesting properties of the polyelectrolyte hydrogels is their 
capability of responding to the environmental stimuli. Such polyelectrolyte hydrogels 
are called ‘smart’ or ‘intelligent’ materials, because the minute change in the 
environmental conditions or stimuli will trigger various behaviors of the hydrogels. 
One remarkable behavior is the volume phase transition that causes the swelling, 
shrinking or bending deformation of the hydrogels. The volume phase transition is the 
continuous or discontinuous volume change of the environmental-sensitive hydrogels 
responsive to a small change of local environmental conditions (Wang et al. 1993; 
Mow et al., 1999; Lowman and Peppas, 1999). When a stimulus is applied to a 
polyelectrolyte hydrogel, such as a change of buffer solution pH value, the mobile ions 
will diffuse in and out of the hydrogel to redistribute between the surrounding solution 
and the hydrogel, and the free energy of the system will correspondingly change, as 
shown in Figure 1.2 (Peppas and Merrill, 1977). As a result, an osmotic pressure is 
generated by the concentration difference at the interface between the solution and 
hydrogel, which drives the swelling or deswelling of the hydorgel. The deformation of 
the hydrogel will give rise to the redistribution of the diffusive ions and fixed charge 
groups, which generates a new concentration difference. The recurrent process will 
continue and finally stop until the system comprising the hydrogel and the solution 
Chapter 1: Introduction 
3 
reaches an equilibrium state. 
Due to the unique properties of the environmentally sensitive hydrogels, such as 
good mechanical properties, excellent sorption capacity, biocompatibility, permeability 
and surface properties, smart hydrogels have been used in diverse applications, such as 
biomedical and medicine microdevices, drug delivery systems, articular cartilage, 
wound scaffold and tissue engineering (Shahinpoor, 1998; Li et al., 2000; Qiu and Park, 
2001). 
The aforementioned environmental stimuli can be categorized into the physical 
and chemical stimuli. The physical stimuli include environmental temperature (Chen 
and Hoffman, 1995; Yoshida et al., 1995; Temtem et al., 2007), electric field (Tanaka et 
al., 1982; Kwon et al., 1991; Osada et al., 1992), light (Mamada et al., 1990; Kodzwa 
et al., 1999), pressure (Kato, 2000), and magnetic fields (Kato et al., 1997; Zrinyi et al., 
1998), while the chemical or biochemical stimuli include environmental pH (Gehrke et 
al., 1988; Siegel et al., 1990; Brannon and Peppas, 1991; Chu et al., 1995; Ali and 
Hegazy, 2007), glucose (Miyata et al., 2002; Kabilan et al, 2004; Mano et al., 2005), 
chemicals species (Kokufuta et al., 1991; Kataoka et al., 1998; Petrova et al., 2007), 
antigen (Miyata et. al.,1999, 2002) and enzymes (Kataoka, et al, 1998; Mano, et al, 
2005).  
The environmental pH, electric field and glucose are the most important 
environmental signals, especially in applications of BioMEMS and biomedical fields. 
However, the influences of environmental pH, electric field and glucose on 
equilibrium behaviors of the environmental-sensitive hydrogels remain poorly 
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understood. Therefore, the objectives of this thesis are to develop multi-physics models 
with the capability of predicting the influences of the three environmental stimuli on 
smart hydrogels. Accordingly, the literature review on environmentally sensitive 
hydrogels will be made in detail in the next section for the stimuli of pH, electric field 
and glucose, respectively. 
 
1.2 Literature Survey 
 
1.2.1 pH-Sensitive Hydrogels 
 
Solution pH is one of the commonest triggering signals for the environmentally 
sensitive hydrogels. Compared with thermosensitivity of smart hydrogels, their pH 
sensitivity gives more choices for their applications (Ni et al., 2007). Accordingly, the 
pH-sensitive hydrogels are widely investigated for various applications. All the 
pH-sensitive hydrogels are known as polyelectrolytes and contain a large number of 
pendant acidic groups, e.g. carboxylic and sulfonic acids or basic groups, e.g. 
ammonium salt, which either accept or release protons ( H+ ) in response to the change 
in environmental pH. In order to provide the research background of the hydrogels, a 
brief overview is given in the following subsections for the experimental work and 
existing theoretical models of the pH-sensitive hydrogels. 
 
1.2.1.1 Brief review of experimental work and applications 
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Katchalsky (1949, 1950) may be the first researcher to synthesize a hydrogel, 
which can swell and shrink with change in solution pH. Based on his studies, many 
scientists continuously conducted investigations on this kind of material (Dusek and 
Patterson, 1968; Tanaka et al., 1978, 1981; Gehrke et al., 1988; Siegel, 1990b; 
Brannon-Peppas, 1991; Chu et al., 1995). In this field, Tanaka and his coworkers (1978, 
1981) made the most outstanding investigation. They used the phase volume transition 
theory to describe the process, in which the hydrogels are stimulated by different 
environmental stimulus, including the solution pH. The phase volume transition theory 
successfully explains the conversion of chemical energy into mechanical energy. With 
this unique characteristic, the pH-sensitive hydrogels could be an ideal candidate for 
biomimetic actuators/sensors and drug delivery systems (Beebe et al., 2000). 
It is well-known that the swelling of pH-sensitive hydrogels depends on the 
functional acidic or basic groups attached onto the crosslinked polymer backbone 
network, such as the carboxyl, sulfonic and amino groups. Due to the dissociation of 
the pendent groups and the influx of counterions, the concentration of ions within the 
hydrogel is higher than that in the surrounding solution, which generates osmotic 
pressure, resulting consequently in a swelling. The interaction and repulsion of charges 
along the polymeric chain may also affect the swelling (Siegel and Firestone, 1988). 
Equilibrium in the hydrogel system occurs when the elastic restoring force of the 
polymer network balances with the osmotic force (Tanaka and Fillmore, 1979; Tanaka, 
1981). During the swelling process, the hydroxide ions transport into the gel, while 
during the shrinkage the protons +H  diffuse into the hydrogel to neutralize the 
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negative charged acidic carboxylate groups. The diffusive ion flux induces an electrical 
potential difference that drives the electromigration of the ions in the direction opposite 
to that of the diffusion (Gerlach et al., 2005). The change of the electrical potential at 
the hydrogel-solution interface is a function of the pH value of the surrounding 
solution. Therefore, the coupled Poisson-Nernst-Planck equations and the mechanical 
equilibrium equations can be used to describe the gel swelling/shrinking process 
(Aluru et al., 2001; Li et al., 2004, 2005). 
 
1.2.1.2 Review of existing theoretical models 
In the modelling of the response of environmentally sensitive hydrogels to 
various stimuli, the ultimate goal is to elucidate the mechanism of the mobile ion 
diffusion, the degree of ionization, the polymer-solvent interaction and the swelling 
behavior. In order to realize the goal, numerous attempts were made in the theoretical 
studies for the responsive behaviors of the environmentally sensitive hydrogels under 
the stimuli of solution pH. 
Essentially, the impetus for modeling of environmentally sensitive hydrogels 
stems from the two basic theoretical frameworks, Flory-Huggins theory and 
Flory-Rehner model. Brought forward independently by Flory (1941) and Huggins 
(1941), the Flory-Huggins theory is a mathematical model of the thermodynamics of 
polymer solutions which takes account of the great dissimilarity in molecular sizes in 
adapting the usual expression for the entropy of mixing solution. Although it makes the 
simplifying assumptions such as no chemical reaction, constant temperature and 
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external pressure, it can still provide some useful interpretation of experiments. Tanaka 
et al. (1982) used the Flory-Huggins theory to explain successfully the phenomenon 
that a hydrolyzed acrylamide collapses in an acetone/water binary mixture upon the 
application of an electric field. At swelling equilibrium, the elastic response of the 
network exactly offsets the difference in chemical potential of the solvent between the 
swollen network and the external solvent phase. Accordingly, several researchers 
obtained reasonable values of the polymer solvent interaction parameter χ  by 
solving the Flory-Huggins equation to explain the experimental data of swelling 
hydrogels (English et al., 1997; Caykara and Aycicek, 2005). 
The Flory-Rehner theory is similarly used to describe the equilibrium swelling 
of hydrogels, in which the swelling equilibrium is determined by a competition 
between the volume interactions of segments and elasticity of rubber-like gel (Flory, 
1953; Orakdogen and Okay, 2006). The swelling ratio of a hydrogel depends on its 
network structure. Complemented by the Donnan equilibrium theory, the Flory-Rehner 
theory is modified to take into account the polymer volume fraction in the swollen 
state of hydrogel (Brannon-Peppas and Peppas, 1991; Okay and Sarusil, 2000; Caykara 
et al., 2003). The Flory-Rehner-Donnan equation can thus predict a region of 
bistability in the swelling of some hydrophilic pH-sensitive hydrogels (English et al., 
1997; Gehrke, 2000; Caykara and Akcakaya, 2006; Emileh et al., 2007). 
At present, there are few mathematical approaches applicable to descibe the 
swelling behavior of hydrogel instead. The two models are popularly used to 
qualitatively describe the swelling equilibrium, i.e. the thermodynamics model 
Chapter 1: Introduction 
8 
developed by Siegel (1990a) and the triphasic mechanoelectrochemical model 
proposed by Lai et al. (1991). The thermodynamic model (Siegel, 1990a) assumes that 
the total free energy of hydrogel–solvent system contributes from the three sources, 
namely the hydrogel–solvent mixing, the deformation of polymer networks and the 
osmotic pressure. The mechanoelectrochemical model (Lai wt al., 1991) combines the 
physicochemical theory for ionic and polyionic solutions expressed in terms of their 
chemical potentials, where the gradients of chemical potentials are considered as the 
driving forces for the swelling of hydrogel. Comparing the two models, the 
mechanoelectrochemical model introduces the mechanical factor into the model with 
the assumption that the solid network deformation is linearly small. And the 
thermodynamic model doesn’t consider the surface tension as an inevitable factor in a 
microsphere system. However, after adding a domain effect to the factor of osmotic 
pressure, the thermodynamic model is applicable (Tanaka et al., 1973). 
In general, the volume phase transition results from the competitive balance 
between repulsive and attractive interactions (Li and Tanaka, 1992). According to the 
Flory’s field theory for analysis of the swelling equilibrium of the hydrogels (Flory, 
1953), the interactions may be presented mathematically by three contributions to the 
change of free energy, namely the polymer-solvent mixing, the elastic deformation of 
polymeric network matrix and the osmotic pressure due to ionic concentration 
difference. The polymer-solvent mixing contributes to either attractive or repulsive 
forces, depending on the relation between entropy change and heat associated with the 
mixing. The elastic deformation of polymeric network matrix is determined by 
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mechanical restoring force of the matrix due to material elasticity. The osmotic 
pressure is the driving source for expansion, resulting from the ionic concentration 
difference between the interior hydrogels and exterior bathing solution. 
 
1.2.2 Electric-Sensitive Hydrogels 
 
1.2.2.1 Brief review of experimental work and applications 
Due to the ionizable groups binding to the network chains, the polyelectrolyte 
hydrogels can swell or shrink when induced the externally applied electric voltage. The 
phenomenon was first reported by Hamlen (1965), in which a PVA-PAA gel swells 
when an electric field of 5V is applied to the buffer solution in which the gel is 
immersed. Later, Fragala et al. (1972) fabricated electrically-controlled artificial 
muscles based on a weak acid polymer, which has attracted significant concerns about 
the application of the electric-stimulus hydrogels. Consequently, a series of 
foundational experiments were carried out for that in 1970s (Yannas and Grodzinsky, 
1973; Glodzinsky 1974; Glodzinsky and Melcher, 1976). Based on the above 
experiments, many attempts were made extensively to investigate the swelling 
mechanism of the electric-sensitive hydrogels. Tanaka (1981) explained the sudden 
collapses of ionic polymer gels contacted the DC electrodes. Osada’s team (1985, 1987, 
1989, and 1991) developed an electrically activated artificial muscle with the 
hydrogels. Shiga et al (1990, 1992a, 1992b) investigated the swelling and bending 
deformation of PAA subjected to an electric field. Sagalman et al. (1992a, 1992b, 1993) 
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analyzed an electrically controlled ionizable hydrogel as active material in adaptive 
structures. Shahinpoor (1998) and Li (2000) fabricated the ionic polymer-metal 
composite (IMPC) to use for engineering tissue. 
From the theoretical point of view, the response mechanism of the 
electric-sensitive hydrogels is similar to that of pH-sensitive hydrogels (Tanaka, 1981). 
When an electric field is applied to the bath solution, mobile ions will redistribute in 
the hydrogels and surrounding solution. The diffusion gives rise to the ionic 
concentration differences between the interior hydrogel and exterior solution because 
of the fixed charge groups that are bound to the crosslinked macromolecular chains. As 
a result, an osmotic pressure is generated by the concentration differences, which 
drives the swelling or shrinking of the hydrogel. The deformation of the hydrogel 
redistributes the diffusive ions and fixed charge groups, which causes new ionic 
concentration differences and the hydrogel deforms again. The recurrent kinetics will 
stop when the hydrogel reaches an equilibrium state. It can also explain the process 
how chemical energy converts to mechanical energy in the process. 
 
1.2.2.2 Review of existing theoretical models 
Despite many experiments in the past decades, few of them focused on the 
development of mathematical models for simulations of the responsive behaviors of 
electric-sensitive hydrogels. 
Based on previous work (Mow et al., 1980; Myers et al., 1984; Lanir, 1987; 
Eisenberg and Grodzinsky, 1987), Lai et al. (1991) proposed a triphasic 
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mechano-electro-chemical theory for the responsive behaviors of hydrogel-like tissues. 
Although the theory explains explicitly the fixed charge density and diffusive ionic 
concentrations, it only partially accounts for the mechanical properties of tissues and is 
not successful in simulating the physiochemical and electrochemical phenomena in the 
hydrogels, such as the ions diffusion, mechanical expansion of solid matrix, and the 
effect of fixed charge groups on distribution of ionic concentrations. Recently, 
Wallmersperger et al. (2001) used the finite element method to simulate the 
deformation of the electic-sensitive hydrogels subjected to the externally applied 
electric voltage. However, the method by Wallmerspereger et al. assumes that the 
hydrogels undergo a small linear deformation even at high electric voltage. Comfirmed 
by experiments, the hydrogels will deform dramatically under a high voltage, and then 
the model faces difficulty and limitations. Zhou et al. (2002) developed a model to 
simulate the equilibrium behaviors of the electric-sensitive hydrogels, including the 
distributions of the diffusive ionic concentrations and electric potential. It partially 
considers the steady-state behaviors of the hydrogel and the computational domain of 
the model covers the hydrogel only, which will limit its study for the ionic transport. 
 
1.2.3 Glucose-Sensitive Hydrogels 
 
The glucose-sensitive hydrogels increasingly attract the attention of worldwide 
researchers because they are typically used as smart biomaterials to design 
self-regulated drug delivery systems (Qiu and Park, 2001; Eddington and Beebe, 2004). 
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The self-regulated systems are called closed-loop delivery systems, where the insulin 
infusion rate for the insulin-dependent diabetes mellitus (IDDM) is administered 
autonomously based on the physiological blood glucose levels, instead of depending 
on an external signal to trigger insulin delivery (Miyata et al., 2002; Sershen and West, 
2002). 
 
1.2.3.1 Brief review of experimental work and applications 
So far the glucose-sensitive hydrogels are divided into three categories based on 
their different responses to the change of the glucose concentration. 
The first kind is the glucose oxidase-loaded glucose-sensitive hydrogels, in 
which the glucose oxidase is immobilized in the pH-sensitive hydrogels to catalyze 
blood glucose to gluconic acid and regulate the insulin release. Many insulin delivery 
systems have been reported based on this kind of hydrogel. Ishihara et al. (1984, 1986) 
synthesized a DEA/HPMA crosslinked polymeric membrane and investigated the 
insulin release from the hydrogel membrane capsules containing insulin and glucose 
oxidase. Horbett el al. (1985, 1987 and 1995) fabricated the porous hydrogel 
membranes to obtain high insulin permeability. Peppas et al. (1997, 1999) studied the 
glucose-sensitive insulin release from the pH-sensitive hydrogels containing insulin 
and glucose oxidase. 
The second is the lectin-loaded glucose-sensitive hydrogels. In this field, the 
research efforts are put on the concanavalin (Con A) loaded hydrogels, where Con A is 
a lectin possessing four binding sites of polymeric chains. Brownlee et al. (1979) and 
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Kim et al. (1989, 1990) developed the concanavalin-based glucose-sensitive systems 
for insulin release. Kokufuta et al. (1991) combined Con A with temperature-sensitive 
hydrogels to synthesize sachharide-sensitive hydrogels. Nakamae et al. (1994) 
investigated the complex formation of a Con A loaded hydrogel with pendant glucose 
groups. Park et al. (1996, 1997) prepared hydrogels capable of sol-gel phase-reversible 
transition responding to changes in glucose concentration, and also investigated the 
release of lysozyme and insulin from glucose-sensitive hydrogels.  
The third is the glucose-sensitive hydrogels with phenylboronic acid moieties, 
which is a complex formation for the phenylboronic acid group and the glucose. 
Kikuchi et al. (1996) used an electrode coated with a poly(NVP-co-PBA)/PVA 
complex to develop glucose-sensitive devices. Kataoka et al. (1998) prepared totally 
synthetic hydrogels from NIPAAm and phenylboronic acid, which shows good glucose 
sensitivity.  
Based on the brief literature review, it is known that most experiments mainly 
focus on the glucose oxidase-loaded glucose-sensitive hydrogels. Therefore, the 
present studies will try to develop a multiphysics model for simulation of the glucose 
oxidase-loaded glucose-sensitive hydrogels. 
 
1.2.3.2 Review of existing theoretical models 
In spite of numerous experimental studies done on the glucose-sensitive 
hydrogels, only a few studies found were made for theoretical modeling and numerical 
simulation. For example, Parker and Schwartz (1987) developed a ping-pong kinetics 
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model for the overall rate of reaction of the immobilized glucose oxidase. Albin et al. 
(1987) simulated the cationic glucose-sensitive membrane with the assumption that the 
diffusivity of each species within the membrane equal to that in the bulk solution and 
independent of the swelling or pH gradient of the membrane. Based on the work done 
by Albin et al. (1987), Klumb et al. (1992) discussed various design configurations to 
overcome the oxygen limitation in the insulin delivery system. Gough et al. (1985, 
1988) simulated the steady-state and transient performance of a cylindrical glucose 
sensor. It is noted that the above models (Gough et al., 1985, 1988; Albin et al., 1987; 
Parker and Schwartz, 1987; Klumb et al., 1992) focus only on the diffuse and reaction 
of mobile species, or on the effect of the enzymes, but don’t study the relation between 
the change of pH within the hydrogels and the mechanical deformation of the hydrogel. 
Abdekhodaie and Wu (2005) developed a theoretical model for the cationic 
glucose-sensitive membrane with consideration of the oxygen limitation and 
swelling-dependent diffusivities of the species involved in the membrane. The model 
developed by Abdekhodaie and Wu (2005) uses the mesh size of the polymeric 
network to define the volume swelling ratio, however, which requires lots of 
parameters and assumption for the calculation. In addition, it is widely accepted that 
the ionic strength of the surrounding solution and the externally applied electric field 
are two important factors affecting the swelling of the stimulus-sensitive 
polyelectrolyte hydrogels (Luo et al., 2007). In spite of this, all models mentioned 
above fail to take account of the two important factors for the simulation of the 
response of the glucose-sensitive hydrogels (Gough et al., 1985, 1988; Albin et al., 
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1987; Parker and Schwartz, 1987; Klumb et al., 1992; Abdekhodaie and Wu, 2005). 
Therefore, developing a reliable model is crucial to investigate systematically the 
behaviors of the glucose-sensitive hydrogels. 
 
1.2.4 Other Environmentally Sensitive Hydrogels 
 
In addition to the three most important kinds of environmental-sensitive 
hydrogels discussed above, there are the environmentally sensitive hydrogels 
responsive to other stimuli, including environmental temperature, light, pressure, 
specific ions, thombin and antigen. 
 
1.2.4.1 Temperature-sensitive hydrogels 
Temperature is one common environmental stimulus to trigger smart hydrogels 
(Schild, 1992; Irie, 1993; Bromberg and Ron, 1998). This kind of hydrogel performing 
the property of temperature-responsive phase transition has hydrophobic groups in 
general, such as methyl, ethyl and propyl groups (Qiu and Park, 2001). According to the 
swelling behavior of the hydrogels in response to a stepwise temperature change, they 
are classified as negatively thermosensitive hydrogels which shrink as temperature 
increases above the lower critical solution temperature (LCST), positively 
thermosensitive hydrogels which swell at temperature higher than LCST and shrink at 
temperature lower than LCST, and the thermally reversible hydrogels which have 
different LCST values and biodegradability (Dong and Hoffman, 1990; Bromberg and 
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Ron, 1998). Due to their LCST around the body temperature, 
poly(N-iso-propylacrylamide) (PNIPAAm) and poly(N,N-diethylacrylamide) 
(PDEAAm) are the most widely used temperature-sensitive hydrogels (Okano et. al., 
1990; Gutowska et al., 1992; Okuyama et al., 1993) in drug delivery systems (Yoshida et 
al., 1991; Dinarvand and Emanuele, 1995; Bromberg and Ron, 1998). 
Only few models have been developed to simulate the response of 
thermal-stimulus responsive hydrogels. An early attempt is the interpolated affine model 
developed by Ten and Farasz (1984) which studied the compressibility and 
directional-specific interaction for responsive behaviors of temperature-sensitive 
hydrogels at the lower critical solution temperature. By assuming that the parameters 
related to the volume fraction can detail the polymer-solvent interaction, Erman and 
Flory (1986) studied discontinuous volume phase transition. Later, Otake et al. (1989) 
developed a model to investigate thermally induced discontinuous shrinking 
deformation of ionized hydrogels with considering the effects of hydrophobic hydration 
and interactions. The statistical thermodynamic model presented by Lele et al. (1995) 
considers the hydrogen bond interaction playing an essential role in the swelling 
equilibrium of PNIPA hydrogel immersed in water.  
In addition, Hino and Prausnitz (1998) proposed a molecular thermodynamic 
model for simulation of volume phase transition of PNIPA hydrogels. More recently, Li 
et al. (2005b, 2005c) developed the multi-effect-coupling thermal-stimulus (MECtherm) 
model with consideration of multiphase and multiphysics effects to study the swelling 
equilibrium of ionic thermo-sensitive hydrogles. 
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1.2.4.2 Light-sensitive hydrogels 
There are two kinds of light-sensitive hydrogels, UV-sensitive and visible 
light-sensitive hydrogels. Exposed to UV irradiation, the UV-sensitive hydrogels swell 
discontinuously at a given temperature, but shrink in the absence of UV (Mamada et al., 
1990; Qiu and Park, 2001). When visible light is applied, the chromophore hydrogels 
can absorb light and convert it into heat to increase the local temperature of the 
hydrogels. The temperature increase causes a volume change in the hydrogels (Suzuki 
and Tanaka, 1990). Because light stimulus can be employed instantly and delivered in 
specific amounts with high accuracy, and the visible light is readily available, 
inexpensive, safe, clean and easily manipulated, light-sensitive hydrogels have desirable 
potentials in biomechanical engineering fields, such as optical switches, display units, 
photo-responsive artificial muscles and ophthalmic drug delivery devices (Suzuki and 
Tanaka, 1990; Rasmussen et al., 2002; Gupta et al., 2007). 
 
1.2.4.3 Pressure-sensitive hydrogels 
In general, the pressure-sensitive hydrogels expand at high pressure and shrink at 
low one. It is well known that this pressure sensitivity is related with the LCST and is a 
common characteristic of temperature-sensitive hydrogels, such as 
poly(N-isopropylacrylamide) (Lee et al., 1990), poly(N,N-diethylacrylamide) (Wang et 
al., 1996), poly(N,N-propylarcylamide) (Zhong et al., 1996). Zhang and Seitz (2002) 
demonstrated the performances of a new type of pH sensor by a pressure sensitive 
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resistor, which combines a bead of porous lightly crosslinked diethanolamine 
derivatized poly(vinylbenzyl chloride) with a strain gauge. Furthermore, a measurement 
concept is realized for the detection of carbon dioxide, where the CO2 induced pressure 
generated in an enclosed pH-sensitive hydrogel is measured by a micro pressure sensor. 
The device can be applied to quantify the partial pressure of CO2 (Pco2) in the stomach 
as diagnosis for gastrointestinal ischemia (Herber et al., 2005). 
 
1.2.4.4 Specific ion-sensitive hydrogels 
Despite that most specific ion-sensitive hydrogels are ionizable and they are 
sensitive to the concentration of salt solution, there are some special neutral hydrogels 
responding to salt concentration. For example, the nonionic 
poly(N-isopropylacrylamide) hydrogel can swell at a critical concentration of sodium 
chloride in aqueous solution (Park and Hoffman, 1993). With the unique phase transition, 
this hydrogel can thus be used as the chloride ion-sensitive biosensors. By chemical 
modification of an ion-sensitive field-effect transistor, poly(vinyl chloride) (PVC) 
hydrogels containing lipophilic tetra-n-octal-ammonium ions are developed as sensors 
(chemfets) with the specific sensitivity to nitrate (Stauthamer et al., 1994). A 
holographic sensor fabricated by hydroxyethyl methacrylate (HEMA) and ethylene 
glycol dimethacrylate (EDMA) hydrogel matrix can have metal detection sensitivity to 
detect real-time divalent metal ions, such as Ca2+, Mg2+, Ni2+, Co2+ and Zn2+ (Gonzalez 
et al., 2005). 
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1.2.4.5 Specific antigen-responsive hydrogels 
The swelling behavior of the antigen-responsive hydrogels can be triggered and 
reduced the crosslinking density by higher competetivity of the free antigens than the 
polymer-bound antigen. This sol-gel phase transition caused by the antigen-antibody 
interactions is highly desirable and useful to develop devices for biomedical 
applications (Miyata et al., 1999). Novel antigen responsive hydrogels are 
copolymerized with crosslinked N-isopropylacrylamide (NIPAAm) and 
N,N'-methylenebis(acrylamide) (MBAAm) using redox initiators, and used for 
polymerizable antibody Fab fragment from monoclonal anti-fluorescein BDC1 antibody 
(IgG2a) (Lu et al., 2003). With loading grafted gentamycin, PVA hydrogels demonstrate 
significantly higher thrombin-like enzymatic activity toward a certain peptide sequence 
than exudates from non-infected wound (Suzuki et al., 1998). The hydrogels have 
sufficient specificity and excellent potential for applications of stimulus-responsive and 
controlled drug delivery systems (Tanihara et al., 1999). 
 
1.2.5 Hermite-Cloud Method ― A Meshless Numerical Technique  
 
In order to solve the mathematical models in this thesis with challenges, for 
example, multi-energy domains, computational domain remeshing, coupled nonlinear 
partial differential governing equations, moving boundaries and localized high gradient, 
a truly meshless strong-form numerical technique, called the Hemite-cloud method, is 
employed for the simulation of the response of environmentally sensitive hydrogels. 
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1.2.5.1  A overview of meshless methods 
In computational science and engineering, the finite element method (FEM) has 
become dominant numerical tool for modeling and simulation of a wide range of 
engineering problems for decades. However, in some cutting-edge areas, such as 
bio-micro-electro-mechanical systems (BioMEMS) which requires the multiphysical 
and multiscale studies, FEM faces certain limitations, including the tedious and 
iterative remeshing to track dynamic processes in large deformation problems and the 
requirement for large storage and memory due to the large number of element nodes 
involved in FEM discretization. In order to overcome these deficiencies resulting from 
FEM, various meshless numerical techniques are recently developed (Liu GR, 2003). 
According to the techniques to solve the governing partial differential equations, the 
meshless methods can be classified into two groups. One is based on the strong-form 
of partial differential equations (PDEs), such as the finite point method (Onate et al., 
1996) and the smooth particle hydrodynamics (SPH) (Lucy, 1977). The other is based 
on the weak-form of PDEs, such as the element-free Galerkin method (EFG) 
(Belytschko et al., 1994) and the diffuse element method. (Nayroles et al., 1992)  
It should be noted that in the field of meshless technique, Liu et al. have made 
significant contributions by developing several efficient approaches, including the 
point interpolation method (PIM) (Liu and Gu, 2001a), the meshless Petrov-Galerkin 
method (MLPG) (Liu et al., 2001b) and the local point interpolation method (LPIM) 
(Liu and Gu, 2001c).  
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The Hermite-cloud method is based on the classical reproducing kernel particle 
method (RKPM), except that a fixed reproducing kernel approximation is used instead 
(Aluru and Li, 2001). In this method, the Hermite theorem is employed for the 
construction of the interpolation functions, where the shape functions are constructed 
to correspond respectively to the unknown functions and their first-order derivatives. 
The point collocation technique is used for the discretization of the partial differential 
governing equations. Through the constructed Hermite-type interpolation functions, 
the approximate solutions of both the unknown functions and the first-order derivatives 
are computed directly. A set of differential-type auxiliary conditions are also required 
so as to construct a complete set of PDEs with the Dirichlet and/or Neumann boundary 
conditions. By scattering a set of points in the computational domain and its edges, the 
point collocation technique is then applied for the discretization of partial differential 
boundary value (PDBV) problems. The approximate solutions of both the unknown 
functions and their first-order derivatives are expressed in terms of the shape functions 
and unknown point values, resulting in a complete set of discrete algebraic equations. 
Finally, they are solved with respect to the unknown point values and the numerical 
solutions of the PDBV problem can be computed in a straightforward way. 
 
1.2.5.2  Development of meshless Hermite-cloud method 
The main characteristic of the reproducing kernel method is its ability to 
reproduce the unknown function by integration transform over the domain of interest. 
Let us take a two-dimensional case as example, the reproducing kernel expression can 
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be written as the product of the window function ),( qypxwindow −−Φ  and the real 
function ),( yxf  which is integrated over the defined domain, Ω. In order to exactly 
reproduce the real function, an ideal window function required should fulfill two 
conditions: (1) it is orthogonal in nature, and (2) its integration over the Ω domain 
should be unity. However, a suitable window function that simultaneously satisfies the 
both conditions does not normally exist. Hence, only an approximation of the unknown 
function may be obtained in most cases. 
The reproducing kernel approximation of unknown real function ),( yxf , 
designated as ),(~ yxf , is thus written in the following form 
∫
Ω
−−Φ= dpdqqpfqypxyxf window ),(),(),(~ (1.1)
By following the idea of the classical RKPM and employing a correction 
function ),,,( qpyxC  and a kernel function ),( qypxK −− , the real window 
function is ),(),,,(),( qypxKqpyxCqypxwindow −−=−−Φ . If a fixed kernel 
technique is used instead of the more classical ),( qypxK −− , the approximate 
unknown function is rewritten as 
∫
Ω
−−= dpdqqpfqypxKqpyxCyxf kk ),(),(),,,(),(~ (1.2)
where the kernels are centered at the point ),( kk yx . The kernel function may be 
constructed by different forms of weighted window functions, depending on different 














where )(* zW is a cubic-spline window function and is defined as 























































where xpxz k Δ−= /)(  for the x-component, and yqyz k Δ−= /)(  for the 
y-component. Δx and Δy denote the cloud size of the fixed kernel point ),( kk yx  in 
the x- and y-direction, respectively. The cloud size is more or less arbitrary and is 
adjusted according to the scattered point distribution and the accuracy requirements 
due to the consistency conditions of the reproducing kernel approach. 
The correction function ),,,( qpyxC  is typically expressed as a combination of 
independent basis functions. The highest order polynomial terms in the correction 
function ),,,( qpyxC  will depend on the highest order derivative terms of the 
governing PDE of interest. Hence, the correction function is expressed here as a 
product of a βth-order row basis function vector ),( qpB  and a βth-order column 
coefficient vector ),(* yxC , namely ),(),(),,,( * yxqpqpyxC CB= , where β is the 
order of polynomial used as the basis function. A linearly independent basis is given 
for a one-dimensional quadratic PDE problem, 
},,1{)}(,),(),({)( 221 pppbpbpbp == β…B ( 3=β )       (1.5)
and for a two-dimensional quadratic PDE problem, 
},,,,,1{)},(,),,(),,({),( 2221 qpqpqpqpbqpbqpbqp == β…B ( 6=β )       (1.6)
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The correction function coefficient is provided by 
),(* yxTC = },,,{ 21 βccc "   (1.7)
where ic ),,2,1( β"=i  are the unknown coefficients which can be determined to 
satisfy the following consistency conditions 
∫
Ω
−−= dpdqqpbqypxKyxqpyxb ikki ),(),(),(),(),( *CB ),,2,1( β"=i  (1.8)
By employing the point collocation technique, the discretization of the equation 








* ),(),(),(),(),( CB ),,2,1( β"=i  (1.9)
where NT is the total number of points sprinkled over both the interior computational 
domain Ω and along its edges. The subscript n denotes the nth point in the domain and 
nSΔ  is the cloud area associated with the nth point. 
It is observed that the basis functions in the equations (1.5) and (1.6) consist of 
known polynomials that follow a linear relation. This leads to the construction of a set 
of linear algebraic equations with respect to the coefficients ic  (i=1, 2, …, β). Thus, 
the equation (1.9) can be rewritten in matrix form to obtain the correction function 
coefficient, 
),(),(),( * yxyxyx kk
T CAB =  (1.10)
where ),( kk yxA  is a symmetric matrix associated with the fixed kernel centered at 








),(),(),(),( ( β,,2,1, "=ji ) (1.11)
Based on the equation (1.10), the correction function coefficient is solved by 
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),(),(),( 1* yxyxyx Tkk BAC
−=  (1.12)
By substituting equation (1.12) into ),(),(),,,( * yxqpqpyxC CB= , and 
substituting the resulting correction function into the equation (1.2), and then 
discretizing the resulting the equation (1.2), the approximation ),(~ yxf  of the 
unknown real function ),( yxf  can be obtained in the following discrete form, 
1
1
( , ) ( ( , ) ( , ) ( , ) ( , ) )
TN
T
n n k k k n k n n n
n
f x y p q x y x y K x p y q S f−
=






N x y f
=
= ∑  
(1.13)
where nf  is the unknown point value of the n
th point, and ),( yxNn  are the shape 
functions defined as, 
nnknk
T
kknnn SqypxKyxyxqpyxN Δ−−= − ),(),(),(),(),( 1 BAB (1.14)
It is distinct that the derivatives of the shape functions can be obtained in a 
straight forward manner by differentiating the polynomial terms in the basis functions 
),( yxB . Further, if ),( yxbi  (i=1, 2, 3) are espressed as the discretized consistency 
























3 ),(),(  
(1.15)
Next, two additional unknown functions, ),( yxGx  and ),( yxGy  are 
introduced, as the first-order derivatives of the unknown real function ),( yxf , 
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),(),( , yxfyxGx x= , ),(),( , yxfyxGy y=  (1.16)
in which a comma denotes a partial derivative with respect to the indicated spatial 
variable. It is known that the Hermite interpolation theorem requires the first-order 
derivatives of a real function to be treated as additional unknown functions. Hence, the 
first-order differential functions may also be computed in an analogous discretization 
















where )( TS NN ≤  is the total number of points covering the interest domain. In similar 
form to the equation (1.14), mGx  and mGy  designate the unknown point values of 
mth point. ),( yxM m  is the shape function associated with the first-order differential 
functions of ),(~ yxf . It is understood that there are differences between the shape 
functions ),( yxM m  and ),( yxNn . In particular, the former shape functions are 
composed of (β-1) order of polynomial in the construction of the basis functions. 
According to the Hermite interpolation theorem, a meshless approximation 































With the implementation of the Hermite-based interpolation approximation, we 
can directly compute the approximate solutions of both the unknown function and its 
first-order differential function. It is noteworthy to point out the potential in improving 
the computational accuracy. Particularly, the solutions at discrete points in the domain 
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are much more refined than those of the classical RKPM. As a result, the increase of 
accuracy of the approximate solutions and its first-order derivatives balances the 
shortcoming of the current technique which is the requirement of additional unknown 
functions. 
With the introduction of the additional unknown functions, ),( yxGx  and 
),( yxGy , it is necessary to impose auxiliary conditions to formulate a complete set of 
PDBV equations. Based on the definitions of ),( yxGx  and ),( yxGy  in the equation 
(1.16), the auxiliary conditions are developed naturally by imposing the first-order 
partial derivative with respect to the indicated spatial variable on the approximate 
solution ),(~ yxf  in the equation (1.18). By considering the equations (1.15) to (1.17), 





































































So far we have completed the formulation of the Hermite-cloud method. In 
summary, based on the Hermite interpolation theorem, we need construct the 
approximate unknown function ),(~ yxf  as in the equation (1.18), and introduce the 
first-order differential functions, ),(~ yxxG  and ),(~ yxyG  in the equation (1.17), and 
then couple the formulation with the presently developed auxiliary conditions (1.19) 
and (1.20). 
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As mentioned above, the point collocation technique is employed to dicretize the 
generic engineering partial differential problems, affiliating with boundary value 
problems. Thus let us examine the general case of 
),(),( yxPyxf =L  in Ω (1.21)
),(),( yxQyxf =  in DΓ  (1.22)
),(, yxRf n =   in NΓ   (1.23)
where L is the differential operator, ),( yxf  an unknown real function, Ω the interior 
domain of the problem described by the PDE, DΓ  the section of the boundary where 
Dirichlet boundary conditions are imposed, and NΓ  the section of the boundary where 
Neumann boundary conditions are involved. By means of the point collocation 
technique, the PDBV equations are discretized as 
),(),(~ iiii yxPyxf =L  i=1,2,…, NΩ  (1.24)
),(),(~ iiii yxQyxf =   i=1,2,…, ND  (1.25)
),(~, iin yxRf =    i=1,2,…, NN  (1.26)
where NΩ, ND and NN are the numbers of scattered points in the interior computational 
domain, and along the Dirichlet and Neumann edges of the domain, respectively. The 
total number of scattered points is thus NT =(NΩ+ND+NN). 
After substituting the approximations (1.17) and (1.18) into the equations (1.24) 
to (1.26), we can now construct a complete set of discretized governing equations for 
the PDBV problem with the introduction of the auxiliary conditions of the equations 
(1.19) and (1.20). By rearrangement, a set of discrete algebraic equations with respect 
to the unknown point values if , iGx  and iGy  is obtained and written in matrix 
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form as 
1)2(1)2()2()2( }{}{][ ×+×++×+ = STSTSTST NNiNNiNNNNij dFH (1.27)
in which }{ id  and }{ iF  are )2( ST NN + -order column vectors, 
T
NiNiNiNNi SSTST
GyGxfF }}{,}{,}{{}{ 1111)2( ××××+ =  (1.28)
T
NNiiNiiNiiNNi SNDST
yxRyxQyxPd }}0{,)},({,)},({,)},({{}{ 211111)2( ×××××+ Ω=  (1.29)








































































































The above complete set of linear algebraic equations can be solved numerically 
to obtain )2( ST NN +  point values for }{ iF . Accordingly, the approximate solutions 
of the PDBV problem, ),(~ yxf  and the corresponding first-order differentials 
),(~ yxxG  and ),(~ yxyG , can be computed through the equations (1.17) and (1.18). 
 
1.3 Objectives and Working Scope 
 
Modeling and simulation are very important tools of scientific research work. 
Experimental trial-and-error technique has dominated in the material research field, 
which is very costly and time-consuming, especially for some extreme environmental 
conditions, such as extremely low pressure and high temperature. However, 
computational-based simulation is cost-saving. The synthesis of hydrogels is very 
time-consuming and expensive. To fully study the influences of multi-parameters on 
Chapter 1: Introduction 
30 
the responsive behaviors of the hydrogel to environmental change, it would need a lot 
of cost experiments. Furthermore, in order to precisely control the large deformation 
feature of the hydrogel, a model algorithm needs to be implemented. 
The importance of such models for predicting the equilibrium state of the 
environmentally sensitive hydrogels responding to various stimuli also lies in their 
utility during both the design of a pharmaceutical formulation and the experimental 
verification of a release mechanism (Narasimhan and Peppas, 1997). To assist 
biodevice designers, material properties should be fully investigated to ensure 
functional and reliable structures, and to elucidate how the system responds to changes 
in the local environment. Additionally, there is a strong desire to better understand the 
underlying mechanisms for swelling in hydrogels so that more predictive models can 
be developed to guide the design process. 
Furthermore, advanced modeling for the hydrogel volume transitions could be 
applied to optimize the design of smart biodevices. A detailed investigation of the 
hydrogel behaviour is crucial to establish reliable models for predicting the device 
characteristics (Thinh et al., 2006).  
The objectives of this thesis are to model and simulate the responsive behaviors 
of the environmentally sensitive hydrogels in equilibrium state subject to the three 
stimuli, namely the externally applied electric field, the coupling pH-electric-stimuli 
and the blood glucose stimulus, respectively. The models presented in this thesis can 
explain theoretically the experimental phenomena such as the distribution of ionic 
concentrations, electric potential and network deformation.  
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The present mathematical models are termed as the refined multi-effect-coupling 
of electric-stimulus (rMECe) model, multi-effect-coupling of coupled 
pH-electric-stimulus (MECpHe) model and multi-effect-coupling of glucose-stimulus 
(MECglu) model. It is noted that the current numerical simulation involves only 
one-dimensional steady-state analysis of behaviors of the stimulus-sensitive hydrogels 
responsive to the change in local environmental stimulus. The three developed models 
should be able to predict numerically  
• the distribution of diffusive ionic concentration in both the hydrogel and 
the surrounding solution, and the distribution of fixed charge density 
within the hydrogel; 
• the distribution of electric potential in both the hydrogel and the 
surrounding solution;  
• the equilibrium swelling ratio, the displacement and bending deformation 
of the environmental-sensitive hydrogels. 
The modeling and simulation work would be useful for optimization of the 
design process for sensors/actuators, micro-fluidic valves and drug delivery systems 
which are based on the environment-responsive hydrogels. 
 
1.4 Layout of Thesis 
 
This thesis is divided into five chapters, and each of them consists of several 
subsections to make the thesis more systematic. The arrangement of thesis is as 
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follows: 
Chapter 2 though Chapter 4 develop three models and describe the simulation of 
equilibrium behaviors of environmentally sensitive hydrogels to different stimulus. 
In Chapter 2, the theoretical framework of the multi-effect-coupling of 
glucose-stimulus (MECglu) model is developed and the governing equations are 
presented with the swelling mechanism of the glucose-sensitive hydrogels. By 
discretizing the governing equations of MECglu model, the validation of the model is 
carried out by comparing the numerically simulated results with the experiments 
published in literature. Studies have been done to investigate the effects of several 
important parameters on the behaviors of the glucose-sensitive hydrogels. The last 
section summarizes some comments and remarks on this study. 
Chapter 3 is organized as follows. The Multi-Effect-Coupling 
pH-Electric-Stimulus (MECpHe) Model is developed firstly for hydrogels responsive 
to the coupled pH-electric stimuli. Then the discretization is described for the 
governing equations and boundary conditions of the MECpHe model. Examination of 
the model is made by comparison between the simulation results and published 
experiments. Furthermore, the effects of the physical and chemical parameters on the 
response of the hydrogels are discussed. Some final remarks close this chapter. 
Chapter 4 is outlined as follows. By modifying the two previously developed 
models, namely the multi-effect-coupling pH-stimulus (MECpH) and 
multi-effect-coupling electric-stimulus (MECe) models, the development of the refined 
multi-effect-coupling electric-stimulus (rMECe) model is presented in detail. The 
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governing equations are formulated and the boundary conditions are proposed. The 
model validation is conducted by comparison of the simulation results with 
experiments. Several studies are made for the influences of important physical 
conditions. Finally, some remarks are made on the model. 
Chapter 5 as the last chapter will summarize the comments and conclusions and 
make suggestions for future studies on the modeling of the environmentally sensitive 
hydrogels. 
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Chapter 2 
Development of Multi-Effect-Coupling Glucose-Stimulus 




As mentioned in Chapter 1, there are three broad categories of 
glucose-sensitive hydrogels, the glucose oxidase-loaded pH-sensitive-based hydrogels, 
the lectin-loaded hydrogels, and the hydrogels with phenylboronic acid moieties, 
which are investigated extremely in experiments due to their promiseful applications. 
One of them is the glucose oxidase-loaded pH-sensitive-based hydrogels based on their 
pH-sensitive property which will be studied in detail in this chapter. The glucose 
oxidase-loaded pH-sensitive-based hydrogels system is a kind of the pH-responsive 
polymeric hydrogel with the two immobilized enzymes, the glucose oxidase (GOD) 
and the catalase. When the hydrogel is immersed in a glucose buffer solution, the 
glucose in the solution diffuses into the hydrogel. The glucose oxidase then catalyzes 
the conversion of the glucose to the gluconic acid, thereby lowering the pH of the 
hydrogel and causing the deswelling of the hydrogel. The typical examples of those 
materials commonly include hydroxyethyl methacrylate (HEMA) and 
N,N-dimethylaminoethyl methacrylate (DMA), poly(HEMA-co-DMAEMA) (Ishihara 
et al., 1984, 1986; Kost et al., 1984; Albin et al., 1985, 1987; Traitel et al., 2000, 2003; 
Brahim et al., 2002), poly[(diethylaminoethyl methacrylate)-Hydroxyethyl 
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methacrylate-graft-(ethylene glycol)] poly(DEAEM-HEMA-g-EG) (Glodrich and Kost, 
1993; Podual and Peppas, 2005), poly[(diethylaminoethyl 
methacrylate)-graft-(ethylene glycol)] poly(DEAEM-g-EG) (Podual and Peppas, 2005), 
poly(methacrylic acid-g-ethylene glycol) poly(MAAc-g-EG) (Hassan et al., 1997; 
Parker et al., 1999; Cao et al., 2001), N-Isopropylacrylamide, methacrylic acid, 
ethyleneglycol dimethacrylate (NIPA-MAA-EGDMA) (Zhang and Wu, 2002; Misra 
and Siegel, 2002; Dhanarajan and Siegel, 2005), N,N-dimethylacrylamide (DMAAm) 
(Kang, and Bae, 2003), p(MPBA-co-AAm) (Siegel et al., 2004.), and NIPA-MAA  
(Suzuki and Kumagai, 2003). 
In spite of extensive experimental work, only a few studies focus on the 
development of mathematical models for simulation of the glucose-sensitive hydrogels. 
Parker et al. (1987) investigated theoretically the overall rate of reaction of the 
immobilized glucose oxidase and developed a steady-state model based on a ping-pong 
kinetic mechanism of the glucose oxidase. Horbett et al. (1987) developed a 
mathematical model to simulate the steady-state behavior of the cationic 
glucose-sensitive membrane, based on the assumption that the diffusivity of each 
species inside the membrane is equal to that in the bulk solution and independent of 
membrane swelling or pH gradient in the membrane. Based on the model developed by 
Horbett et al. (1987), Klumb et al. (1992) studied various design configurations to 
overcome the oxygen limitation in the insulin delivery system. Gough et al. (1984, 
1985, and 1988) modeled the steady-state and transient response of a cylindrical 
glucose sensor. Abdekhodaie and Wu (2005) developed a theoretical model to describe 
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the steady-state behavior of the cationic glucose-sensitive membrane with 
consideration of oxygen limitation and swelling-dependent diffusivities of the involved 
species inside the membrane. However, in the above models developed by Parker et al. 
(1987), Horbett et al. (1987, 1992) and Gough et al. (1984, 1985, 1988), the diffusivity 
of species inside the membrane is assumed to be equal to the corresponding bulk value 
in aqueous solution, in which the diffusion is not a function of position within the 
membrane. In the model developed by Abdekhodaie and Wu (2005), the diffusivities of 
diffusive species are dependent on the swelling of the hydrogel, which is simply 
expressed by the volume swelling ratio of the polymer in equilibrium state. In brief, 
those models mentioned above cannot describe accurately the conversion of the 
chemical energy into mechanical energy, and also simulate difficultly the swelling 
deformation of the hydrogel system responding to the environmental glucose stimulus. 
The chapter is organized as follows. The theoretical framework of the MECglu 
model is developed in Sections 2.2 and 2.3. The governing equations are presented in 
Section 2.2 based on the swelling mechanism of the glucose oxidase-loaded 
pH-sensitive-based hydrogels, and the formulations of the MECglu model is 
discretized in Section 2.3. Then a comparison is made in Section 2.4 between the 
numerically simulated results and the experiments published in literature to validate 
the MECglu model. The effects of several important parameters are investigated in 
Section 2.5 on the behaviors of the glucose-sensitive hydrogels. Finally, some 
comments and remarks are drawn in Section 2.6 on the study of modeling of the 
glucose-sensitive hydrogels. 
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2.2 Development of MECglu Model 
 
2.2.1 Mechanism of Hydrogel Swelling 
The swelling mechanism of the glucose-sensitive hydrogels in pH-dependent 
equilibrium can be characterized in the following steps: (a) diffusion of glucose into 
the hydrogel; (b) reactions occurring within the hydrogel; (c) ionization of the 
polymeric network; and (d) swelling of the hydrogel due to the derivation of osmotic 
pressures between the internal hydrogel and surrounding solution, illustrated in Figures 
2.1 and 2.2. The theoretical model developed will describe the diffusion and reaction 
of glucose, oxygen and gluconic acid within the glucose oxidase-loaded 
pH-sensitive-based hydrogels. The stoichiometry of the reaction catalyzed by glucose 
oxidase (GOD) is given as (Whitaker, 1994), 
GOD
2 2 2Glucose O Glucono lactone H Oδ+ ⎯⎯⎯→ − − +  (2.1)
The incorporated catalase then catalyzes the conversion of hydrogen peroxide 
( 2 2H O ) to oxygen and water, 
Catalase
2 2 2 2
1H O H O O
2
⎯⎯⎯→ +  (2.2)
The intermediate lactone species produced undergoes the spontaneous 
hydrolysis to gluconic acid, 
2Glucono lactone H O Gluconic Acidδ− − + ⎯⎯→  (2.3)
It is well known that the produced hydrogen peroxide can inhibit the glucose 
oxidase reaction (2.1) (Traitel et al., 2000). In addition, the incorporation of catalase 
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can reduce both the hydrogen peroxide inhibition and the oxygen limitation by an 
addition of 1/2mole of oxygen to the glucose oxidase reaction (Tse and Gough, 1987). 
Therefore, it is assumed that the excessive catalase incorporated in the hydrogel can 
reduce immediately all hydrogen peroxide ( 2 2H O ). Based on the assumption, the 
overall stoichiometry of glucose oxidation is thus written as, 
GOD/Catalase
2
1Glucose O Gluconic acid
2
+ ⎯⎯⎯⎯⎯→   (2.4)
+Gluconic acid Gluconate H⎯⎯→ +  (2.5)
GOD/Catalase
2
1Glucose O Gluconate H
2
++ ⎯⎯⎯⎯⎯→ + (2.6)
The glucose and oxygen diffuse into the hydrogel from the medium and the glucose is 
converted to gluconic acid, which causes the pH dropping in the hydrogel and thereby 
triggers the deswelling deformation of the hydrogel. 
In order to simplify the development of the mathematical model, the following 
assumptions are made as, 
a) only steady state is considered; 
b) the hydrogels are maintained in isothermal condition; 
c) the enzymes are immobilized and distributed homogeneously within the 
hydrogels; 
d) It is assumed that there is an excess of catalase contained in the 
hydrogel. As a result, the catalase reduces hydrogen peroxide 2 2H O , 
which is a byproduct if the glucose oxidase reaction, to 2O  and 2H O . 
Otherwise, the hydrogen peroxide produced will attack the glucose 
oxidase, deactivate the enzyme and finally inhibit the glucose oxidase 
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reaction (Malikkides and Wiland, 1982; Traitel et al., 2000); 
e) if the hydrogels are placed in the unstirred solution and the pore of the 
hydrogels is very small, the ion transport by convection can be 
neglected reasonably (Nikonenko, et al., 2003). Therefore, the effect of 
the ion exchange and convection is neglected. Only passive diffusion is 
considered; 
f) the diffusivity of each substrate, including glucose and oxygen, inside 
the hydrogel is assumed to be equal everywhere to its own diffusivity in 
bulk solution. Therefore, the diffusivities are independent of swelling or 
pH gradient. The diffusivity of gluconic acid is also assumed to be 
equal to that of glucose; 
g) the acid/base reactions are assumed in local equilibrium, which is 
justified because these reactions are much faster than the glucose 
oxidase-catalyzed reaction; 
h) the diffusivities of all the mobile ions and reactants in the hydrogel are 
assumed to be equal to their bulk values in aqueous solution due to the 
macroporous nature of the hydrogel, and, are listed in Table 2.1. 
 
2.2.2 Formulation of MECglu Model 
 
2.2.2.1 Diffusion and reaction 
The diffusion problems can be solved based on the law of mass conservation 
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for a specific chemical species k in the hydrogel. For an appropriate system, such as in 
a differential volume element x y zΔ Δ Δ , as shown in Figure 2.3, the law of mass 
conservation for the species k ( 1, 2,...,k N= ) is written in the form, 
rate of accumulation rate of rate of rate of
of species  per species  species   species  
unit volume flow in flow out generation/consumption
k k k k
⎧ ⎫ ⎧ ⎫ ⎧ ⎫ ⎧ ⎫⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪= − ±⎨ ⎬ ⎨ ⎬ ⎨ ⎬ ⎨ ⎬⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪⎩ ⎭ ⎩ ⎭ ⎩ ⎭ ⎩ ⎭
(2.7) 
which is expressed mathematically as, 
, , , , ,
k
k x k y k z k x k yx z x xy y y
c x y z J y z J x z J x y J y z J x z
t +Δ +Δ
∂ Δ Δ Δ = Δ Δ + Δ Δ + Δ Δ − Δ Δ − Δ Δ∂   
, x y zk z kz zJ x y v r+Δ− Δ Δ + Δ Δ Δ  ( 1,2,...,k N= ) (2.8)
that is, 




⎧ ⎫−⎧ ⎫−∂ ⎪ ⎪ ⎪ ⎪= +⎨ ⎬ ⎨ ⎬∂ Δ Δ⎪ ⎪ ⎪ ⎪⎩ ⎭ ⎩ ⎭






⎧ ⎫−⎪ ⎪+ +⎨ ⎬Δ⎪ ⎪⎩ ⎭
 
( 1,2,...,k N= ) (2.9)
where kv  are stoichiometric coefficients, for example, 1gv = −  for glucose, 
1/ 2oxv = −  for oxygen, 1av =  for gluconic acid and 1Hv =  for hydrogen ion H+ . 
If the limit of the differential volume is taken to zero by allowing 0xΔ → , 
0yΔ →  and 0zΔ → , the partial differential governing equations are obtained as 
follows (Bird et al., 1960; Choy and Reible, 2000), 
 k k k k k
c J v r J v r
t
∂ = −∇⋅ + = − +∂ div  ( 1,2,...,k N= ) (2.10)
In the case of one-dimension diffusion, the conservation law of mass 
conservation is applied for each species k in the small element A xΔ ,  
Rate of Flow in -Rate of Flow out +reactionkA x cΔ Δ =   
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( ) ( )k k kJ x A t J x x A t v rA x tδ δ δ δ δ= − + +   
( )( ) ( ( ) )kk k k
J xJ x A t J x x A t v rA x t
x
δ δ δ δ δ∂= − + +∂   
( )k
k
J x xA t v rA x t
x
δ δ δ δ∂= − +∂   ( 1, 2,...,k N= ) (2.11)
Both sides are divided by A x tδ δ , and then taken the limit, 
( )k k
k
c J x v r
t x
∂ ∂= − +∂ ∂     ( 1, 2,...,k N= ) (2.12)
Equations (2.10) and (2.12) are well known as the Nernst-Planck flux equation, 
which has been applied widely to describe the transport phenomena between 
membranes and solution systems (Alberty and Silbey, 1997; Sata, 2004). 
In the formulation of the equations (2.7)-(2.12), kJ  ( 1, 2,...,k N= ) 
( -2 -1mol cm s⋅ ) is defined as the flux of mass with respect to the mass average velocity. 
In a multispecies system, kJ  ( 1, 2,...,k N= ) can be expressed in terms of two 
contributions associated with mechanical driving forces, a contribution with the 
thermal driving force, and a contribution with an electrical driving force, where the 
charged species is required. These fluxes are strictly applicable to gases but can be 
simplified for liquids (Plawsky, 2001). 
( ) ( ) ( ) ( )k k D k P k T k EJ J J J J= + + +  (2.13)
( )k DJ  (
-2 -1mol cm s⋅ ) is defined as the mass flux called ordinary or normal diffusion, 
which is driven by a concentration gradient. When ion species k diffuses through the 
hydrogel, where the x-axis is perpendicular to the surface of hydrogel membrane, the 
flux ( )k DJ  can be characterized by a product of the gradient of the chemical potential, 
kμ−∇ , and the concentration kc  of the species k, 
( ) ( )kk D k k
DJ c
RT
μ= −∇  (2.14)
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In general, the chemical potential of a component in liquid mixture can be 
expressed mathematically in term of the activity ka , and given by (Alberty et al., 
1997), 
0 lnk k kRT aμ μ= +  (2.15)
where kD  is the diffusion coefficient of the species k, R the gas constant, T the 
absolute temperature, and ka  activity of the species k , where k k ka c γ= , ( kc  and kγ  
are the concentration and activity coefficient of the species k). 
The mass flux is thus written as, 
( ) ( ) (ln ) (ln ln )kk D k k k k k k k k k
DJ c D c a D c c
RT
μ γ= −∇ = − ∇ = − ∇ +
[ (ln )]k k k kD c c γ= − ∇ + ∇  (2.16)
It is noted that loglog aa
ed duu
dx u dx
= , 1ln loged d duu udx dx u dx= =  (Spiegel and Liu, 
1999). 
In the equation (2.13), ( )k PJ  is the diffusion term driven by pressure and it 
should be considered only when the system encounters high acceleration, such as in 
centrifuges. It was the fundamental mechanism exploited in the centrifugel method for 
separating 235U  from 238U . 
( )k PJ P∝∇  (2.17)
In the present system, however, there are no high pressure and acceleration so 
that the term ( )k PJ  is neglected.  
In the equation (2.13), ( )k TJ  is the mass flux resulting from the imposition of a 
temperature gradient, which is referred to as the Soret effect and is the analog of the 
Dufour effect (Mortimer and Eyring, 1980). The Soret coefficient is identical to the 
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Dufour coefficient. The mass flux resulting from thermal diffusion is given by, 
( ) (ln )
T
k T kJ D T= − ∇  (2.18)
However, the thermal diffusion flux generally depends on the gradient of the log of 
temperature and is very small. In the present isothermal system, the term ( )k TJ  is thus 
neglected. 
In the equation (2.13), ( )k EJ  is the mass flux of charged species responding to 
electric potential gradient. When there is the gradient of electrical potential, the flux 
( )k EJ  of the species k is proportional to the gradient ψ∇  of the electrical potential, 
the concentration kc , the valence kz  of ion k and the electrochemical mobility ku , 
that is, 
( )k E k k kJ u z c ψ= − ∇   (2.19)




=   (2.20)
where F is the Faraday constant. One can thus have 
( )k E k k k
FJ D z c
RT
ψ= − ∇  (2.21)
The hydrogel membranes with the ion exchange have a large number of 
hydrated counter-ions in the hydrogel. The counter-ions impart more momentum to the 
solvent than co-ions do, and solvent transfer takes place to the respective electrode 
chamber due to osmosis and electro-osmosis. If the hydrogel membrane has an anionic 
charge, the solvent transfer takes place from anolyte to catholyte. The velocity of this 
solvent transfer is proportional to the gradient of the electrical potential and is 
inversely proportional to the resistance to flow in the hydrogel membrane matrix. The 
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convection flux ( )k ConvJ  of liquid in the membrane can be characterized by the 
velocity of the solvent flow is V  and kc  is the concentration of counter-ion k in the 
membrane, 
( )k Conv kJ c V=  (2.22)
Therefore, the total flux of the ionic species k through the hydrogel membrane 
can be expressed as 
( ) ( ) ( o ) [ (ln )] kk k D k E k C nv k k k k k k
FJ J J J D c z c c c v
RT
ψ γ= + + = − ∇ + ∇ + ∇ +  
(ln )k k k k k k k
FD c z c c c V
RT
ψ γ⎡ ⎤= − + + +⎢ ⎥⎣ ⎦grad grad grad  ( 1,2,...,k N= ) (2.23)
If the convection ( )k ConvJ  is neglected in the hydrogel, the total flux of the 
species k is simplified to 
( ) ( ) [ (ln )]k k D k E k k k k k k
FJ J J D c z c c
RT
ψ γ= + = − ∇ + ∇ + ∇  
(ln )k k k k k k
FD c z c c
RT
ψ γ⎡ ⎤= − + +⎢ ⎥⎣ ⎦grad grad grad  (2.24)
The diffusion governing equation for the ionic species k is then written as,  
 k k k k k
c J v r J v r
t
∂ = −∇⋅ + = − +∂ div  
(ln ) ( )k k k k k k k k
Fdiv D c z c c div c V v r
RT
ψ γ⎧ ⎫⎡ ⎤= + + − +⎨ ⎬⎢ ⎥⎣ ⎦⎩ ⎭grad grad grad  
( 1, 2,...,k N= ) 
(2.25)
In steady-state case, the Nernst-Planck equations (2.25) can be written as, 
(ln ) ( ) 0k k k k k k k k
Fdiv D c z c c div c V v r
RT
ψ γ⎧ ⎫⎡ ⎤+ + − + =⎨ ⎬⎢ ⎥⎣ ⎦⎩ ⎭grad grad grad  
( 1, 2,...,k N= ) 
(2.26)
For one-dimensional steady-state case, the above Nernst-Planck equations can 
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be further simplified to, 
{ (ln ) } ( )k k k k k k k k
Fdiv D c z c c div c V v r
RT
ψ γ⎡ ⎤+ + − +⎢ ⎥⎣ ⎦grad grad grad  
 
( )ln ( )kkk k k k k kc FD z c c c V v rx x RT x x x
γψ⎧ ⎫⎡ ⎤∂∂∂ ∂ ∂⎪ ⎪= + + − +⎨ ⎬⎢ ⎥∂ ∂ ∂ ∂ ∂⎪ ⎪⎣ ⎦⎩ ⎭
(where 21 2ln k k kRT K c K cγ = − + ) 
 
( )21 2 ( )k kk kk k k k kK c K cc cFD z c c V v rx x RT x RT x xψ
⎧ ⎫⎡ ⎤∂ − +∂∂ ∂ ∂⎪ ⎪⎢ ⎥= + + − +⎨ ⎬∂ ∂ ∂ ∂ ∂⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭
 
(where kD  is assumed to be constant)  
 
1 2( 2 ) ( )k k k kk k k k k k
c c c cFD z c K K c c V v r
x x RT x RT x x x
ψ⎧ ⎫∂ ∂ ∂∂ ∂ ∂⎡ ⎤= + + − + − +⎨ ⎬⎢ ⎥∂ ∂ ∂ ∂ ∂ ∂⎣ ⎦⎩ ⎭  
 
2
1 22 ( )k k k k kk k k
k k
c K c K c c vFz c c V r
x x RT x RT x D x D




k k k k k k
k
c z F c z Fc v r
x RT x x RT x D
ψ ψ⎡ ⎤∂ ∂ ∂ ∂= + + +⎢ ⎥∂ ∂ ∂ ∂⎣ ⎦  
 
2
21 2 1 2
2
( 4 ) ( 2 )( ) ( )k k k k kk
k
K K c c K K c c cc V
D x RT x RT x
⎡ ⎤− + ∂ − + ∂∂− + +⎢ ⎥∂ ∂ ∂⎣ ⎦
 
0=        ( 1, 2,...,k N= ) 
    (2.27)
The stoichiometric coefficients of the reactants and products are given here, 
1gv = − , 1/ 2oxv = − , 1av =  and 1Hv + = . 
 
Activity coefficient kγ  
In order to carry out quantitative modeling and simulations for nonideal 
solutions, it is convenient to introduce the activity coefficient kγ  (Moelwyn-Hughes, 
1978). 
The activity ka  is simply a means to express the chemical potential of a 
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species in a mixture. It is convenient to write the activity ka  as the product of an 
activity coefficient kγ  and a concentration. 
The empirically corrected concentration, or called molar fraction (molality) is 
k k ka c γ=  (2.28)
k k ka x γ=   (2.29)
The chemical potential of the component k in the solution is given by 
0 lnk k kG G RT a= +  (2.30)
then 
0 ln lnk k k kG G RT c RT γ= + +  (2.31)
or 
0 ln lnk k k kG G RT x RT γ= + +  (2.32)
It is clear that the activity coefficient of the equation (2.28) is unity when the 
solution obeys van’t Hoff’s law, and that kγ  of the equation (2.29) is unity when the 
solution obeys Raoult’s law ( k k kP x P
∗= ) (Choy and Reible, 2000). The term ln kRT γ  
is thus a measure of the difference between the chemical potential of an actual 
component of a solution and the chemical potential anticipated on the basis of either of 
these laws. 
For binary systems, Van Laar’s theory of isomegethic solutions provides an 
improved equation as (Moelwyn-Hughes, 1978), 
0 2 0ln (1 )k ik k kG G RT x x U= + + − Δ   (2.33)
The activity coefficient of component A in a binary solution which obeys Van 
Laar’s theory is given in terms of the interchange energy by 
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2 0ln (1 ) ( / )A Ax U RTγ = − Δ  (2.34)
The activity coefficient of ion in aqueous solution is given by  
1/ 2ln ( / )k iB RT cγ = −  (2.35)
The chemical potentials 1μ  and 2μ  in terms of the concentrations 
1 1 /n N V=  and 2 2 /n N V=  are expressed as, 
0 0 2 0
1 1 1 1 2 2 1 1 2 2 1 2ln ( ) ( )kT n v kTn v v P P v n v v v uμ μ= + + − + − + Δ  
0 0 2 0
2 2 2 2 1 1 2 2 1 1 1 2ln ( ) ( )kT n v kTn v v P P v n v v v uμ μ= + + − + − + Δ  
(2.36)
where 0μ  is the chemical potential of the pure component at the temperature of the 
solution and at some reference pressure 0P . 
Finally, to describe the significance of changing from one reference state to 
another, the equation (2.36) is applied to a solution containing the A and S types of 
molecules, 
2 0ln (1 ) (1 )(1 )L A AA A A A A
S S
V VG G RT U RT
V V
θ θ θ= + + − Δ + − − (2.37)
where Aθ  is the volume fraction, 0UΔ  the exchange energy, AV  and SV  are the 
partial molar volume of component A  and the solvent, respectively. 
Here LAG  manifestly stands for the free energy of one mole of pure component 
A in the liquid state at the temperature and pressure of the system. To examine the 
solution over the complete range of composition, there can be no better reference state. 
On the other hand, the nature of solutions is a limitation wherein the amount of S is 
always greatly in excess of the amount of A, i.e. a relatively dilute solution of A in S 
may a good try. The pure liquid is then a reference state to adopt, and may be replaced 
be one which, as far as numbers are concerned, is that of one gram-mole of A in a litre 
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of solution, but, as far as behaviour is concerned, is that corresponding to a zero value 
of the interchange energy 0UΔ . Let us replace Aθ  by the product of the 
concentration Ac  in moles per litre of solution, and the partial molar volume AV  
adjusted by the necessary numerical factor, 
/1000A A Ac Vθ =  (2.38)
The chemical potential of the solute now becomes 
0 2
1 2lnA A A A AG G RT c K c K c= + − +  (2.39)
where 
0 0ln( /1000) (1 )L A AA A A
S S
V VG G RT V U RT
V V
= + + Δ + −  (2.40)
0
1 2( /1000) ( /1000)(1 )A AA A
S S
V VK V U RT V
V V
= Δ + −     ( 3KJ m / mol× )   (2.41)
2 0




= Δ                       ( 3KJ m / mol× ) (2.42)
The equation (2.39) in more convenient form can be compared with the 
empirical extension of Van’t Hoff’s equation 
0 ln lnA A A AG G RT c RT γ= + +   (2.43)
giving us the result, 
2
1 2ln k k kRT K c K cγ = − +  (2.44)
 
Chemical reaction ratio r: 
There are two mechanisms for the conversion of glucose into gluconic acid by glucose 
oxidase. The chemical reaction ratio r  can thus be expressed in the two 
corresponding formulas,  
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(a) Michaelis-Menten mechanism 
The kinetics of many enzymes reactions can be described by Michaelis-Menten 
kinetics, which is named after Leonor Michaelis and Maud Menten (Michaelis and 
Menten, 1913). This kinetic model is assumed that the concentration of enzyme is 
much lower than the concentration of substrate (i.e. where enzyme concentration is the 
limiting factor), and the enzyme is not allosteric. It postulates that the complex of 
enzyme (catalyst) and substrate (reactant) exists in vary short time, which then 
dissociates fast to yield product and free enzyme. According to the quasi steady state 
approximation, the concentration of the enzyme namely does not change (Briggs and 
Haldane, 1925). Based on the Michaelis-Menten kinetics model, the chemical reaction 





















(b) The full Ping-Pong mechanism 
Glucose oxidase exhibits the true ping-pong kinetics: moving from a fully 
oxidized state to a fully reduced form and back to the oxidized state in a catalytic cycle. 
By a combination of conventional and rapid reaction techniques, the overall reaction 
mechanism of glucose oxidase has been established to be (Parker and Schwartz, 1987; 






E G E E+ +
−
⎯⎯→+ ⎯⎯→ +←⎯⎯   
(ii) 42 0 2 2O H O
k
RE E++ ⎯⎯→ +  
(2.46)
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where 0E  is the oxidized form of glucose oxidase, RE  is the reduced form of 
glucose oxidase, G  is glucose, and BE  is the enzyme substrate complex, ( 0E G− ). 






























Therefore, the expression of the rate of full Ping-Pong reaction can be rewritten 




o g g o g
V c c
r
c c K K c
= + +  (2.51)
where gc  and oc  are the concentrations of glucose and oxygen, respectively. maxV  
is the maximum velocity and max [ ]m TV r E= . gK  and oK  are the Michaelis constants 
for glucose and oxygen at infinite concentrations of the other substrate and g gK β=  
and o oK β= , respectively. 
The value of gK  reported for the soluble enzyme at 38℃ is 125 mM and 
similar values have been described over a wide range of temperature and pH values 
(Abdekhodaie and Wu, 2005). If the bulk glucose concentration is taken in the range of 
0 to 5 mM, one can have 
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g g gK c K+ ≈  (2.52)
For the hydrogel membranes containing immobilized glucose oxidase and excess 
catalase, an approximate expression of the general Ping-Pong rate is thus expressed as 









= +  (2.53)
where max max' / gV V K= , and ' /o o gK K K= .  
 
Average pH whinin the hydrogel pH : 
A buffer solution consists of two components, a weak acid or a weak base and 
its salt. The solution has capability of resisting the change in pH upon the addition of 
small amounts of either acid or base. Buffer is very important to chemical and 
biological systems. The pH in the human blood is about 7.4, while the pH of the gastric 
juice in our stomachs is about 1.5. These pH values, which are crucial to proper 
enzyme function and the balance of osmotic pressure, are maintained by buffers in 
most cases (Kataoka et al., 1998). 
A buffer solution should contain a relatively large concentration of acid to react 
with any OH−  ions added, and it should also contain a similar concentration of base 
to react with any added H+  ions. Furthermore, the acid and base components of the 
buffer should not consume each other in a neutralization reaction. These requirements 
are satisfied by an acid-base conjugate pair, for example, a weak acid and its conjugate 
base (supplied by a salt) or a weak base and its conjugate acid (supplied by a salt). 
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The buffering capacity, i.e., the effectiveness of the buffer solution, depends on 
the amount of acid and conjugate base from which the buffer is made. The larger the 
amount is, the greater the buffering capacity is (Chang, 2002). 
The pH profile is predicted from that of the hydronium ion +3[H O ]  
concentration within the hydrogel. It is examined in terms of an average pH ( pH ), 
which is calculated based on the numerical solution of the pH profiles within the 
glucose sensitive hydrogel (Klumb et al., 1992, 1993): 
vol
1pH pH( , , )
Vol
z r dVθ= ∫  (2.54)
The pH  is demonstrated previously to represent adequately the pH 
throughout the gel. 
 
2.2.2.2 Poisson Equation 
As a more rigorous approach, the Poisson equation is used to describe the 




k k f f
k
F z c z cψ εε
⎛ ⎞∇ = − +⎜ ⎟⎝ ⎠∑  (2.55)




k k f f
k




∂ ⎛ ⎞= − +⎜ ⎟∂ ⎝ ⎠∑  (2.56)
where ε  is the relative dielectric constant of the surrounding medium and 0ε  is the 
vacuum permittivity or dielectric constant ( 2212 /NmC 108.85418 −× ). It is observed 
that the electroneutrality and constant field hypotheses are in fact special cases for the 
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Poisson equation. The assumption of electroneutrality is applicable only when the 
concentrations are high while the hypothesis of constant field is valid for low 
concentrations. 
 
2.2.2.3 Fixed charge density 
Langmuir adsorption isotherm can be used to describe the fixed charge density 
of the polyelectrolyte hydrogels. In fact, there are two types of molecular adsorption, 
physical adsorption and chemisorption, distinguished conveniently by different 
adsorbed forces (Alberty and Silbey, 1997). The forces causing physical adsorption are 
the same type as those causeing the condensation of a gas to form a liquid and are 
generally referred to as van der Waals forces. The heat evolved in a physisorption 
process is the order of magnitude of the heat evolved in the process of condensing the 
gas, and the amount adsorbed may correspond to several monolayers at a high pressure. 
The extent of physisorption is smaller at higher temperature. On the other hand, the 
chemisorption involves the formation of chemical bonds. However, it is usually not 
possible to make a sharp distinction between these two kinds of adsorption. They may 
often be distinguished by the rates in which these processes occur. Compared to 
chemisorption, equilibrium in physical adsorption is generally achieved rapidly and is 
readily reversible. Physical adsorption is reversed by lowering the pressure of the gas 
or raising the temperature of the surface. The chemisorption, on the other hand, may 
not occur at an appreciable rate at low temperatures if the chemisorption reaction has 
an activation energy. In this case, the rate of chemisorption increases rapidly as the 
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temperature raises. In the chemisorption the bonding may be so tight that the original 
species may not adesorb. For example, heating a graphite surface after adsorbing 
atomic oxygen results in desorption of carbon monoxide. 
The simplest equation for adsorption under equilibrium conditions is derived 
by Langmuir using kinetic theory (Moelwyn-Hughes, 1978), in which a surface is 
considered with a specific number of binding sites that are identical and each can 
adsorb one molecule. Thus, the adsorption is limited to a monolayer. In the Langmuir 
adsorption theory, it is also assumed that binding at a site has no influence on the 
properties of neighboring sites, this means that the enthalpy of adsorption is 
independent of coverage.  
The hydrogen ion is bound by the fixed charge attached onto the polymeric 
chains of hydrogels stimulated by solution pH. This process is similar to monolayer 
absorption of the identical surface which has a specific number of binding sites. The 
each binding site can absorb one molecule only, 
SMMS K +⎯→⎯  (2.57)
MSSM Ka⎯→⎯+  (2.58)
where MS is defined as the occupied fixed charge/site and bfc  is the concentration of 
occupied fixed charge, M is mobile hydrogen ions such as +Hc  being the 
concentration of mobile molecules including hydrogen ions, S is the unoccupied fixed 
charge/site and defined as 0 bf f fc c c= −  being the concentration of the current 
concentration of the fixed charge group within the hydrogel membrane, 0fc  is the total 
concentration of ionizable groups in the hydrogel, K is dissociation constant and aK  
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is adsorption constant. 
 
Anionic hydrogel ( R COO−−  or 2R-SO N-H− ) 
R COOH R COO HK − +− − +ZZZXYZZ   
             or  
+
2 2 2R-SO NH R-SO NH H
K − +ZZZXYZZ  
(2.59)
According to the Langmuir monolayer adsorption isotherm, the equilibrium 
dissociation constant K can be expressed as 
0
H










− + −−= =−  (2.60)











⋅= +  (2.61)








f f f f
c c c K
c c c c
K c K c
⋅ ⋅= − = − =+ +  (2.62)
Based on the definition of concentration, the total concentration 0 ,f sc  of the 
ionizable groups in the hydrogel in the relaxed state, and the current concentration 0fc  










f w s w
cn n Vc
V V V H
= = =  (2.64)
where n is the moles of fixed-charge group, sV  and wV  are volumes of dry gel and 
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intramembrane fluid, V  is current total volume ( ws VVV += ) and H is local 
hydration of the hydrogel ( s
w
V
VH = ). 
Therefore, a relation is developed between the fixed charge and diffusive 
hydrogen ion, whereby the concentration of the fix charged group can be calculated as 










= +  (2.65)
where fc  and fz  are the concentration and the valence of the fixed charge groups 
on the polymer chains, for example, 1−=fz  if the carboxylic acid groups are the 
pendent functional groups onto the polymer chains, K is then the dissociation constant 
of the carboxylic acid groups, 0 ,f sc  is the total concentration of the ionizable groups in 
the hydrogel in the relaxed state, +Hc  is the concentration of hydrogen ions H
+  
within the hydrogel and H is the local hydration of the hydrogel. 
 
Cationic hydrogel ( 3R NH
+− )  
3 2R NH R NH H
K+ +− − +ZZZXYZZ  (2.66)




[R NH ][H ]











−= =− −  (2.67)








⋅= +  (2.68)
The current concentration fc  of fixed charge group is then expressed as 
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f w s w
cn n Vc
V V V H
= = =  (2.70)







c c c c
c
K c H K c
+ +⋅ ⋅= =+ +  (2.71)
According to the nature of the fixed charge groups presented in the polymeric 
chains, the glucose sensitive hydrogel responding to pH change may be classified as 
cationic or anionic hydrogel. The cationic hydrogels swell as pH decreases at higher 
glucose levels, while the anionic hydrogels shrink as pH decreases due to protonization 
of acidic groups (Podual et al., 2000; Abdekhodaie and Wu, 2005). 
The typical cationic glucose sensitive hydrogels ( 1fz = + ) include 
hydroxyethyl methacrylate (HEMA) and N,N-dimethylaminoethyl methacrylate (DMA) 
poly(HEMA-co-DMAEMA) (Ishihara et al., 1984, 1986; Kost et al., 1984; Albin et al., 
1985, 1987; Traitel et al., 2000,2003 ; Brahim et al., 2002), poly[(diethylaminoethyl 
methacrylate)-Hydroxyethyl methacrylate -graft-(ethylene glycol)] 
poly(DEAEM-HEMA-g-EG) (Glodrich and Kost, 1993; Podual and Peppas, 2005) and 
poly[(diethylaminoethyl methacrylate)-graft-(ethylene glycol)] poly(DEAEM-g-EG) 
(Podual and Peppas, 2005). 
And the typical anionic glucose sensitive hydrogels ( 1fz = − ) include 
poly(methacrylic acid-g-ethylene glycol) poly(MAAc-g-EG) (Hassan et al., 1997; 
Parker et al., 1999; Cao et al., 2001) and N-isopropylacrylamide, methacrylic acid, 
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ethyleneglycol dimethacrylate (NIPA-MAA-EGDMA) (Zhang and Wu, 2002; Misra 
and Siegel, 2002; Dhanarajan and Siegel, 2005). 
 
2.2.2.4 Finite deformation elastic theory 
For geometrically nonlinear analysis, the governing equation for large 
mechanical deformation based on a total Lagrangian description is given as 
ρ ρ∇⋅ + − =P f V F  (2.72)
Where P is the first Piola-Kirchhoff stress tensor, ρ  is the density of hydrogel 
membrane, f  is the body force, V  is the acceleration, ρV  is inertial force and F  
is the external force. In this system, there is no external force ( =F 0 ), and f  and 
ρV  are neglected. One can thus have 
0∇⋅ =P     in Ω     (2.73)
=u G      in gΓ   (2.74)
⋅ =P N H     in hΓ  (2.75)
 (a) For continuous solid material, the first Piola-Kirchhoff stress tensor P  is given 
as 
T=P SF  (2.76)
 (b) For porous mixture, the first Piola-Kirchhoff stress tensor P  is (Li et al., 2005a) 
1J p−= − + TP F I SF  (2.77)
where F  is the deformation gradient tensor, J  is the determinant of deformation 
gradient F , G is the specified displacement vector on the boundary portion gΓ , H is 
the surface traction vector on the boundary hΓ , N is the unit outward normal vector. u 
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is the displacement vector from the initial configuration X to the deformed 
configuration x. P is the first Piola-Kirchhoff stress tensor that is a kind of expatriate, 
living partially in the deformed configuration x and partially in the reference 
configuration X (Where uXx += ), p  is the osmotic pressure osmoticp , and I is 
identity tensor. 
The deformation gradient tensor F  is defined by 
( ) ( )
Deformed configuration
i i i i
ij ijinitial configuration
j j j





∂ ∂ + ∂= = = = + = +∂ ∂ ∂F I u (2.78)
det( )J = F  (2.79)
The relationship between the first Piola-Kirchhoff stress tensor P  and the 
second Piola-Kirchhoff stress tensor S  is written as 
T=P SF  (2.80)
Due to P is unmeasurable and asymmetrical, the second Piola-Kirchhoff stress 
tensor S is required because S is symmetric and it is often used as the stress measure 
(Malvern, 1969), 
:=S C E   or  ij ijkl klS C E=    (2.81)
where C  is the material moduli tensor, and E  is the Green-Lagrangian strain tensor 
used as strain measure. Here the symbol (:) in :A B  is double contraction of inner 
indices, :A B  is given by ij ijA B . If A  or B  is symmetric, : ij jiA B=A B . 
When the material is elastically isotropic, 
[ ( )]ij ij rs ik jl il jk klS Eλδ δ μ δ δ δ δ= + +  (2.82)
2 2
11
1 1( 2 ) (2 ( ) ) ( 2 ) ( )
2 2
du du du duS
dX dX dX dX
λ μ λ μ⎡ ⎤ ⎡ ⎤= + + = + +⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ (2.83)
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For isotropic elastic material, therefore, the material moduli tensor can be written by 
2λ μ= ⊗ +C I I I  or ( )ijkl ij kl ik jl il jkC λδ δ μ δ δ δ δ= + +  (2.84)
where λ  and μ  are the Lamé coefficients of solid phase. Here the symbol ⊗  as in 
a b⊗  indicates vector product; in indicial notation, i ja b a b⊗ ⎯⎯→ ; in matrix 
notation, { }{ }a b a b⊗ ⎯⎯→ T . 
There are two types of typical states of two-dimensional solid, plane strain and 
plane stress, respectively. 
In particular, the plane strain problems are solids whose thickness in the z 
direction is very large compared with dimensions in the x and y directions. External 
forces are applied uniformly along the z-axis, and the movement in the z-direction at 
any point is constrained. All the strain components in z direction ( zzε , xzε , yzε ) are 
equal to zero and there are only three in-plane non-zero strains ( xxε , yyε , xyε ) to be 
dealt with. For the plane strain problem, 
1 0
1 0
(1 )(1 2 )
0 0 (1 2 ) / 2
E
ν ν
ν νν ν ν
−⎡ ⎤⎢ ⎥= −⎢ ⎥+ − ⎢ ⎥−⎣ ⎦







+⎡ ⎤⎢ ⎥= +⎢ ⎥⎢ ⎥⎣ ⎦
C   (2.85)
On the other hand, the plane stress problems are the solids whose thickness in 
the z direction is very small compared with dimensions in the x and y directions. As 
external forces are applied only in the x-y plane, and all the stresses in z direction ( zzσ , 
xzσ , yzσ ) are equal to zero. Then there are only three in-plane no-zero stresses ( xxσ , 









⎡ ⎤⎢ ⎥= ⎢ ⎥− ⎢ ⎥−⎣ ⎦
 (2.86)
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The two Lamé elastic constants, λ  and μ , are related to the shear modulus 
G , Young’s modulus E , and Poisson’s ratio ν  as follows: 
(1 )(1 2 )
Eνλ ν ν= + −  and 2(1 )
EGμ ν= = +    (2.87)
The Green-Lagrangian strain tensor E  is given by 
1 ( )
2
= ⋅ −TE F F I  or 1 1( ) ( )
2 2
jT i k k
ij ik kj ij
j i i j
uu u uE F F
X X X X
δ ∂∂ ∂ ∂= − = + +∂ ∂ ∂ ∂   (2.88)
2 21 1 2 1 2 1 1 2 2
1 1 1 2 1 1 2 1 2
2 21 2 1 1 2 2 2 2 1
2 1 1 2 1 2 2 2 2
2 ( ) ( )
1
2 2 ( ) ( )
ij
u u u u u u u u u
X X X X X X X X X
E
u u u u u u u u u
X X X X X X X X X
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂⎡ ⎤+ + + + +⎢ ⎥∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂⎢ ⎥= = ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂⎢ ⎥+ + + + +⎢ ⎥∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂⎣ ⎦
E (2.89)
Therefore, the total momentum equation for the mixture can be rewritten as 
1( ) 0osmoticdiv J p
−− + =TF I SF   (2.90)
1 T
osmoticJ p
−= − +P F I SF   
2 1 1 2
2 2 1 111 12
21 222 1 1 2
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X X X XS S
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S Su u u u
X X X X
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T
1 1 2 1 1 2
11 12 21 22
1 1 2 2 2 1 2 1
2 2 1 2 2 1
11 12 21 22
1 1 2 2 2 1 2 1
( (1 ) (1 )) ( (1 ) )
( (1 ) ) ( (1 ) (1 ))
osmotic osmotic
osmotic osmotic
u u u u u uS S p S S p
X X X X X X X X
u u u u u uS S p S S p
X X X X X X X X
∂ ∂ ∂ ∂ ∂ ∂∂ ∂⎡ ⎤+ + − + + + + +⎢ ⎥∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂⎢ ⎥= ∂ ∂ ∂ ∂ ∂ ∂∂ ∂⎢ ⎥+ + + + + + − +⎢ ⎥∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂⎣ ⎦
(2.92) 
Especially in one-dimensional case, 
1
11( ) [ (1 )] 0
T
osmotic osmotic
d duJ p p S
dX dX
−∇ ⋅ = ∇ ⋅ − + = − + + =P F I SF   
21( 2 )( ( ) )(1 ) 0
2osmotic
d du du dup
dX dX dX dX
λ μ⎡ ⎤− + + + + =⎢ ⎥⎣ ⎦  
 
2 33 1[ ( 2 )( ( ) ( ) )] 0
2 2osmotic
d du du dup
dX dX dX dX




3( 2 )[ 3 ( ) ] 0
2
osmoticdpd u du d u du d u
dX dX dX dX dX dX
λ μ+ + + − = (2.93)
 
Osmotic pressure osmiticp  
A Legendre transform is a linear change of variable that involves subtracting 
the product of conjugate variables from an extensive property of a system. The 
variables involved in work form conjugate pairs of intensive and extensive variables, 
as shown in Table 2.3. 
To make Legendre transforms, we have introduced the intensive variables P  
and T  as natural variables. This process can be continued to introduce the intensive 






U U PV TS n μ
=
= + − − =∑  (2.94)





U TS PV n μ
=
= − +∑  (2.95)
that this transformed internal energy 'U  is equal to zero. The differential of 'U  is 
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dU PdV VdP TdS SdT n d dnμ μ
= =
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VdP SdT n dμ
=
− − =∑  (2.98)
which is known as the Gibbs-Duham equation. Note that it deals with changes only of 
the intensive variables for the system. Because of this relation, the intensive variables 
for a system are not independent. 
The osmotic pressure osmiticp  is the pressure difference across the hydrogel 
membrane required to prevent spontaneous flow of solvent in either direction across 
the membrane. 







Vdp SdT n dμ
=
− − =∑  (2.99)








− =∑  (2.100)










= =∑ ∑  (2.101)
The chemical potential for the species k  is 
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0 0ln ln( )k k k k k kRT a RT cμ μ μ γ= + = + . Thus one can have 
1 1
[ ln( )] [ (ln ) (ln )]
N N
k k k k k k k
k k
dp c d RT c RT c d c c dγ γ
= =






RT dc c d γ
=
= +∑  (2.102)
where kγ  is the activity coefficient of the species k, 0kc  is the concentration of the 
species k in the stress-free state, and kc  the concentration of k
th species within the 
hydrogel in swelling state. 
The current study focuses on the one-dimensional steady-state analysis for the 
response of the glucose-sensitive hydrogels. In sum, the governing equations for the 
MECglu model in one-dimensional case are expressed as, 
Nernst-Planck equations, 
(ln ) 0k k k k k k k
Fdiv D c z c c v r
RT
ψ γ⎧ ⎫⎡ ⎤+ + + =⎨ ⎬⎢ ⎥⎣ ⎦⎩ ⎭grad grad grad
( 1,2,...,k N= ) 
(2.26)




o g g o g
V c c
r
c c K K c





k k f f
k




∂ ⎛ ⎞= − +⎜ ⎟∂ ⎝ ⎠∑  (2.56)










= + , for anionic hydrogel (2.65)











+⋅= +  for cationic hydrogel (2.71)




3( 2 )[ 3 ( ) ] 0
2
osmoticdpd u du d u du d u
dX dX dX dX dX dX
λ μ+ + + − = (2.93)
 
2.2.2.5 Boundary conditions 
For one-dimensional steady-state analysis, 
ox oxc c
∗= , g gc c∗= , 0ac = , k kc c∗= , 0ψ =
  
at x L=  (2.103)
In the central no-reaction zone, the reaction rate is zero. For the glucose and 
gluconic acid, therefore, the governing equation for diffusion is simplified to 
0g oxJ J= = , 
0kc
x
∂ =∂  at 0x =   (2.104)
At the interface between the solution and the hydrogel, 
osmoticpdu
dx E
=   (2.105)
In addition, to prevent the hydrogel from undergoing rigid body motion in the applied 
electric field, a point constraint is introduced in the middle of the hydrogel ( / 2x L= ): 
0   u =   at  0x =  (2.106)




p RT c c p= − −∑  (2.107)
with interfaceoutkc
−  denotes the ionic concentration in exterior solution near the interface, 
and 0p  is the fluid pressure at a reference state. 




2.3 Validation of MECglu Model 
 
Validation of the MECglu model is carried out by the comparison between the 
simulation results and the experimental data from published literature (Kang and Bae, 
2003). As shown in Figure 2.2, a typical glucose-sensitive hydrogel, 
poly(N,N-dimethylacrylamide) gel (PDMAAm), covalently immobilized glucose 
oxidase (GOD) and catalase, is immersed in an isotonic phosphate buffered saline 
(PBS) solution with pH 7.4. It is well-known that pH-sensitive hydrogels exhibit the 
volume transition in a narrow range of pH, which is depended by the apK  of the 
pendant ionic groups containing on the crosslinked networks (Katchalsky and Michaeli, 
1955; Richa and Tanaka, 1984; Peppas et al., 2000). PDMAAm hydrogel contains the 
sulfonic acid, 2-SO N-H
− , which are attached onto the polymeric networks, and shows 
sudden changes in the dynamic and equilibrium swelling behavior responding to the 
change of external pH. For this hydrogel, ionization occurs when the environmental 
pH is above the apK  of the ionizable sulfonic group (Kang and Bae, 2002). With 
selecting appropriate apK , PDMAAm hydrogel can be controlled for the transition of 
solubility and swelling at a desired pH (near 7.4). As glucose diffuses into the hydrogel 
from the solution, the glucose oxidase will catalyze its conversion to gluconic acid, 
thereby lowering the pH within the hydrogel and then the osmotic pressure is changed, 
resulting in the swelling deformation of the hydrogel. 
The material properties and other parameters used for simulation are given in 
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Table 2.1. The oxygen concentration in the body fluid always remains saturated all the 
time, i.e. 0.247oxc = mM, because the oxygen pressure in the capillary blood is higher 
than that in the tissue (Guyon, 1991). The global decrease of Young’s modulus with 
enhancement of swelling has been confirmed experimentally (Kidoaki et al., 2001; 
Johnson et al., 2002; Isayava et al., 2002). The experimental values of Young’s 
modulus are fit with a triple-line function by assuming a semi-linear transition in 
modulus between the range of pH=6.5 and 7.5, (Kidoaki et al., 2001; Sudipto et al., 
2002) as shown in Figure 2.5, which is employed as input data for the present 
simulation based on the MECglu model.  
Figures 2.6-2.8 show the comparison between experimental and simulating 
results for the equilibrium response of the glucose-sensitive hydrogels. In Figure 2.6, 
the pH-dependent swelling curve profile for PDAAm hydrogel shows a gradual 
increase in solubility as pH increases. It is found that the simulation results marked by 
circles consist qualitatively and quantitatively with the published experimental data 
marked by squares (Kang and Bae, 2003). The ionization of fixed charge groups is 
altered by the changing environmental pH. Figure 2.6 shows the distinguished volume 
transition in the range of pH from 6.5 to 8.0. In this range of pH, the swelling ratio of 
the hydrogel increases with increasing pH. Because the polymeric complexes are 
broken and the fixed charge groups of PDMAAm hydrogel are ionized, the osmotic 
pressure increases and then causes the hydrogel swelling. When pH is lower than 6.5 
(around the apK  of the sulfonic acid), the volume change of the hydrogel is tiny, that 
is, the hydrogel network is collapsed and the swelling ratio is low. Probably the reason 
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is that the certain interaction between ionized and un-ionized fixed charge groups in a 
solid state prevents the solubilization of crosslinked polymeric network until the 
number of ionized groups becomes dominant (Kang and Bae, 2001). It can also be 
found that the simulation results are slightly larger than that the experimental data in 
the range of pH higher than 7.0, which may be attributable to the immobilized glucose 
oxidase and catalase. The existing of enzymes will make the hydrogel thicker and 
stronger (Dhanarajan and Siegel, 2005). The effect of enzymes in the MECglu model 
should be further investigated in future work. 
Figures 2.7 and 2.8 demonstrate the glucose dependent swelling and 
corresponding internal average pH of the hydrogel to make the comparison between 
the simulation results and experimental data (Kang and Bae, 2003). The swelling ratio 
of the hydrogel decreases with increasing the glucose concentration from 0 to 16.5mM, 
associated with the drop of internal pH of the gel. The process involves the conversion 
of glucose to gluconic acid by the enzyme glucose oxidase. Meanwhile, the catalase 
reaction is to prevent the accumulation of peroxide and to partially regenerate the 
oxygen. The important product of the reaction is a free proton, hydrogen ion +H , 
which lowers the local pH and causes the pH-dependent volume phase transition to 
occur, enlarging the swelling of the hydrogel. The swelling deformation simulated also 
coincides quantitatively and qualitatively with the experimental results observed in 
Figure 2.8. The swelling ratio of the hydrogel nearly linearly drops from 12 to 8 in the 
same pace for both the experimental and simulation curves. In Figure 2.7 however, the 
decrease of simulated internal average pH within the hydrogel from 7.4 to 7.28 is 
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smaller than that of experimental results from 7.4 to 7.24. Despite the fact that the 
MECglu model may not accurately predict the accurate drop of average pH achieved in 
the glucose-sensitive hydrogel, the phenomena and the trends demonstrated here 
confirm and support the experiment, which is the first and most important step in the 
design of a glucose sensitive hydrogel system. 
Nonetheless, the simulations match closely with the experimental results. This 
proves that the MECglu model can satisfactorily predict the swelling behavior of the 
glucose-sensitive hydrogel. 
 
2.4 Parameters Studies 
 
There have been increased research interests in the development of 
glucose-sensitive hydrogel systems that deliver appropriate amounts of insulin in 
response to changing glucose levels, so as to mimic the natural response of the body 
(Krall and Beaser, 1989; Jennedy, 1991). This could lead to better control of blood 
glucose levels for diabetic patients. This approach involves an enzyme-substrate 
reaction that results in a pH change and the swelling of the pH-sensitive hydrogel 
responding to the change. Glucose reacts with glucose oxidase (GOD) forming 
gluconic acid (GlucA), and thus decreasing the pH of the environment. With the 
change of pH, the hydrogels swell ore collapse depending on the characteristics of the 
particular polymer of the systems. Insulin is released from this system with the change 
in the size of the pores of the polymer (Heller, 1993). To elucidate the mechanisms of 
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these systems, it is vital to investigate the effects of the various parameters on the 
equilibrium behaviors of the glucose-sensitive hydrogels. 
 
2.4.1 Influences of Oxygen Concentration 
 
Compared with the blood glucose concentration and owning to its low 
solubility in aqueous solution, the sparse availability of oxygen is known to be a 
fundamental limitation of all implanted glucose oxidase-based sensitive devices 
(Parker and Schwartz, 1987; Traitel et al., 2000). In order to investigate the vital role of 
oxygen in the glucose-sensitive hydrogel systems, the numerical simulations are shown 
in Figures 2.9-2.18 for the effect of the oxygen concentration in the environmental 
solution on the equilibrium behaviors of the glucose-sensitive hydrogel with the input 
parameters 0 10.0fc = mM, 1fz = − , * 138.0c = mM, 0.64E = MPa, 4.0L = mm, 
0 600LGel = μm, 7.4pH = , * 8.0gc = mM, 0.1oxc = , 0.15, 0.2 and 0.247mM, 
respectively, and others shown in Table 2.1. 
Figure 2.9 illustrates the distributive profile of hydrogen ion concentration with 
the various oxygen concentrations. It is found that the +H  concentration within 
hydrogel obviously increases with the increasing oxygen supply, and the hydrogel 
shrinks dramatically with the increase of oxygen concentration, especially from 
0.1mM to 0.15mM. Figure 2.10 shows the dependence of the average pH in hydrogel 
on the concentration of oxygen in the media. It is noticed that pH decreases 
monotonically with the increase of oxygen supply. As expected, due to *g oxc c , 
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greater oxygen supply will produce more hydrogen ions, which thus reduces pH in the 
hydrogel. Figures 2.11 and 2.12 show the effect of the oxygen concentration on the 
distributive profiles of diffusive ions, +Na  and Cl− . The concentration of sodium 
+Na  in the hydrogel decreases with increasing of the concentration of oxygen, while 
the concentration of chloride Cl−  in the hydrogel increases conversely. Consequently, 
the concentration difference reduces over the interface between the hydrogel and 
surrounding solution. 
Figure 2.13 shows that the distribution of glucose depends on the variation of 
oxygen concentration. Figure 2.14 shows the distributive profile of oxygen 
concentration within the hydrogel. Figure 2.15 illustrates the distribution of the product 
of enzyme reaction, gluconic acid, with different oxygen concentrations. With 
increasing of oxygen concentration, more glucose is converted into gluconic acid. As a 
result, the concentration of glucose decreases and that of gluconic acid increases 
accordingly. The results of the MECglu model show that due to the low solubility and 
slow diffusion of oxygen in the aqueous solution, the supply of oxygen controls the 
enzyme reaction (Clark et al., 1987). 
Figure 2.16 shows the effect of oxygen concentration on the distributive profile 
of the electric potential. The electric potential in the hydrogel increases with increasing 
of the concentration of oxygen. It can be explained that the increasing of hydrogen ions 
hinders the protonization of the fixed groups and the diffusion of mobile ions into the 
hydrogel. Figures 2.17 and 2.18 show that the change of mechanical deformations of 
the glucose-sensitive hydrogel with the effect of the oxygen concentration. It is shown 
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in Figure 2.17 that the hydrogel strip shrinks as increasing of oxygen concentration. 
Figure 2.18 shows the effect of oxygen concentration on the swelling ratio of hydrogel 
with different glucose concentrations. The swelling ratio decreases with the increase of 
the oxygen concentration, especially for lower glucose concentration. 
 
2.4.2 Influences of Enzyme Concentration 
 
Enzyme concentration is one of the major factors in an enzyme-mediated 
reaction. In enzyme-mediated reactions, the rate of reaction increases in proportion to 
enzyme concentration (Tozeren and Byers, 2004). It is thus very important to 
investigate the effect of the enzyme concentration in the local environment on the 
equilibrium behavior of the glucose-sensitive hydrogel. The input parameters in the 
simulation are 0 10.0fc = mM, 1fz = − , * 138.0c = mM, 0.64E = MPa, 4.0L = mm, 
0 600LGel = μm, 7.4pH = , * 8.0gc = mM, 0.247oxc = mM, 2.0enzc = , 2.5 and 
25.0μM, respectively. 
The effect of the loading enzyme concentrations on the concentration of 
hydrogen ions is firstly concerned and the distributive profile is shown in Figure 2.19. 
The concentration of +H ions increases in the hydrogel owning to the accumulation of 
gluconic acid with the converting of higher enzyme concentration. The reusability of 
enzyme immobilized onto the hydrogels and the applicability to continuous processes 
can significantly enhance the accumulation of hydrogen ions and minimize pH 
(Blandino et al., 2002).  
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The effect of the enzyme concentrations on the distributive profiles of +Na  
and Cl−  is illustrated in Figures 2.20 and 2.21, and the concentration of +Na  in the 
hydrogel decreases slightly while that of Cl−  increases. This comes to a drop of 
concentration difference over the interface between the hydrogel and the surrounding 
solution and furthermore reduces the osmotic pressure, which finally results in the 
shrinking of the hydrogel strip. 
As shown in Figure 2.22, the glucose concentration decreases from 8.0mM at 
the edge of solution boundary to a much lower value towards the centre of hydrogel, 
and the change is much steeper with higher enzyme concentration. Similarly, the 
oxygen concentration decreases while the concentration of gluconic acid increases 
towards the centre of hydrogel, as shown in Figures 2.23 and 2.24.  
Figure 2.25 shows the effect of enzyme concentration on the distributive profile 
of the electric potential. It is found that electric potential in the hydrogel increases with 
the increment of enzyme concentration. Figure 2.26 shows the effect of enzyme 
concentration on the distributive profile of the fixed charge group density. It is seen 
that the density of fixed change groups increases as the enzyme concentration 
increases, which is the result of shrinking of hydrogel owning to the decrease of 
concentration difference (Kratz et al., 2000). 
It is shown in Figure 2.27 that the displacement u  of the hydrogel strip 
slightly drops with the increase of enzyme concentration. And so does the swelling 
ratio of hydrogel with different glucose concentrations under the effect of enzyme 
concentration as shown in Figure 2.28. It is shown in Figure 2.29 that the change of 
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enzyme concentration influences the average pH in the hydrogel. The pH in hydrogel 
drops imperceptibly with the increase of enzyme concentration. Actually, the enzyme 
GOD is stale (≤ 20% loss of activity after 180 h at 25°C) in solutions within a broad 
pH range between 4 and 9 (Rehor et al., 2005). It is important to show that the enzyme 
concentration does not change reaction equilibria in the enzyme-mediated catalysis, 
because both the forward and reverse reactions are catalyzed equally well (Tozeren and 
Byers, 2004). 
 
2.4.3 Influences of Initially Fixed Charge Group Density  
 
A number of experiments show the volume phase transition of hydrogels 
depends strongly on the fixed charge density on the crosslinking chains (Katayama et 
al., 1992; Sarkyt and Vladimir, 1999; Chen et al., 2004). Numerical simulations on the 
effect of fixed charge density will study well the properties of the glucose-sensitive 
hydrogels and optimize the design of drug delivery system based on these hydrogel. In 
the following, Figures 2.30-2.39 show the simulations for the effect of the initially 
fixed charge group density on the equilibrium behavior of the glucose-sensitive 
hydrogel with the input parameters 0 10.0fc = mM, 1fz = − , * 138.0c = mM, 
0.64E = MPa, 4.0L = mm, 0 600LGel = μm, 7.4pH = , * 8.0gc = mM, 
0.247oxc = mM, 2.5enzc = μM, 0 5.0fc = , 10, 15 and 20mM, respectively. 
Figure 2.30 illustrates the distributive profile of hydrogen ion +H concentration 
with the various initially fixed charge group densities. A higher fixed charge density 
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triggers the increase of +H concentration in the hydrogel. Figures 2.31 and 2.32 show 
the effect of the initially fixed charge group density on the distributive profiles of +Na  
and Cl− . As the initially fixed charge density increases linearly, both the 
concentrations of Na+  and Cl−  increase rapidly within the hydrogels. The three 
figures also clearly show that the domain of hydrogel for the distribution of ions 
decrease, which reveal the shrinking largely of the hydrogel with the change of fixed 
charge group densities. It is shown in Figure 2.33 that the change of initially fixed 
charge group density influences the average pH in the hydrogel. With increase of fixed 
charge group densities, the average pH in the hydrogel decreases gradually and the 
result accords with Figure 2.30. 
Figures 2.34-2.36 are plotted for the effect of fixed charge group density on the 
distribution of chemical reaction substrates and product, glucose, oxygen and gluconic 
acid. These figures show that the concentration of substrate glucose increases while 
that of gluconic acid decreases. It suggests that the enzyme reaction has been inhibited, 
which may be due to greater +H concentration enhanced by the increase of fixed 
charge density. 
Figure 2.37 shows that the absolute value of the electric potential distributing in 
the hydrogel decreases as the initially fixed charge group density increases from 5 to 
20mM. It is shown in Figure 2.38 that the change of initially fixed charge group 
densities influences the displacement of the hydrogel strip. The displacement increases 
with the increase of initially fixed charge density. 
Figure 2.39 shows the effect of enzyme concentration on the swelling ratio of 
Chapter 2: Development of MECglu Model for Glucose-Sensitive Hydrogels 
77 
hydrogel with different initially fixed charge group densities. As a given gc , the 
hydrogel with higher fixed charge density gains lower swelling ratio. Meanwhile, the 
simulation result is indicative of a good glucose response for the hydrogel with bigger 
fixed charge density.  
 
2.4.4 Influences of Ionic Strength 
 
To significantly improve the lives of diabetic patients and decrease their risk of 
hypoglycemia, the insulin delivery systems and glucose sensors based on the 
pH-sensitive hydrogels must be developed accurate, reliable, continuous, have to 
operate reliably at the physiological pH values and ionic strengths of body fluids and 
would have to be immune from interference by other species present (Pickup et al., 
1999; Asher, 2003). Due to their inherent nature, the polyelectrolyte hydrogels respond 
spontaneously to the change of the ionic strength (IS) of environmental solution. The 
swelling of anionic or cationic hydrogels decreasing upon increasing ionic strength is 
called polyelectrolyte effect (Oppermann, 1992; Valencia and Pierola, 2007). In order 
to understand the effect of the ionic strength on the equilibrium behavior of the 
glucose-sensitive hydrogel, the dependence of the response of hydrogel on IS in the 
environmental solution are investigated with the input parameters 0 10.0fc = mM, 
1fz = − , 0.64E = MPa, 4.0L = mm, 0 600LGel = μm, 7.4pH = , * 8.0gc = mM, 
0.247oxc = mM, 2.5enzc = μM, 30.0I = , 60.0, 90.0 and 120.0mM, respectively. 
Figure 2.40 illustrates the distributive profile of hydrogen ion concentration 
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with the various ionic strengths. The +H  concentration decreases with the increase of 
ionic strength of surrounding solution. Figure 2.41 shows that the distribution of 
glucose depends on the variation of ionic strengths. The glucose concentration also 
decreases with increasing of the ionic strength of surrounding solution. While the 
concentration of the product of chemical reaction, gluconic acid increases conversely, 
as shown in Figure 2.43. The effect of ionic strength on the distributive profile of 
oxygen concentration in the system is plotted in Figure 2.42. With increment of ionic 
strength (IS) of surrounding solution, the 2O  concentration in the hydrogel increases. 
The simulation result consists with the experimental phenomena (Schroder et al., 
2007).  
Figure 2.44 is plotted for the change of ionic strength influences the average 
pH in the hydrogel. With the increment of ionic strength, the average pH in the 
hydrogel will decrease obviously. The ionic strength may affect the association state of 
pendent fixed charge groups and their hydration affinity in solutions. For the glucose 
concentration sensors based on the pH-sensitive hydrogles, the sensitivity may 
dramatically decrease with increasing ionic strength (Zhang and Anslyn, 2007). 
Figure 2.45 shows the effect of ionic strengths on the distributive profile of the 
electric potential. The electric potential of ionic hydrogels was mainly related to the 
valence of fixed charge, the ionic concentration and charge number of the external 
solution. As the concentration of cations in swelling medium enhanced, a charge 
screening effect of the additional cations resulted in a nonperfect anion-anion 
electrostatic repulsion, which may hinder the diffusion of mobile ions into hydrogel 
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(Flory, 1953). Therefore, the absolute value of electric potential ψ  in the hydrogel 
decreases with the enhancement of ionic strength.  
Figure 2.46 shows the effect of ionic strengths on the distributive profile of the 
fixed charge group density. As the ionic strength increases, the difference in 
concentration of mobile ions between the inside and the outside of the gel diminish. As 
a result, the repulsive electrostatic pressure and the osmotic pressure decrease inside 
the gel. The equilibrium ratio of shrinkage depends upon the ionic strength of buffer 
solution. The higher the ionic strength is, the larger the equilibrium shrinking ratio is 
(Suzuki and Kumagai, 2003). That is the reason for increasing of fixed charge density 
in the hydrogel with the increase of ionic strength, as shown in Figure 2.46. 
Increasing ionic strength of swelling medium may enhance hydrophobic 
bonding and polymer-polymer interaction with hydrogel, increase consequently 
crosslink density, and then result in Young’s modulus increasing (Wang and Wu, 2005). 
It is shown in Figure 2.47 that the change of ionic strength influences the 
displacement of the hydrogel strip. With larger ionic strength, the hydrogel has lower 
displacement. Figure 2.48 shows the effect of ionic strength on the length of hydrogel 
strip with different glucose concentrations. It is clear that the equilibrium swelling 
decreases by increasing the ionic strength of the solution. In current simulations, we 
assumed the diffusive ions have the same size. If these ions have comparatively 
different sizes, their diffusions appear different. Increasing concentration of bigger ions 
will cause the hydrogel shrinking more dramatically (Bajpai and Kankane, 2007). This 
is consistent with the finding that when the matrix is immersed in aqueous buffer 
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solutions of the same pH, but of increased ionic strength, the swelling equilibrium 
reduces (Siegel, 1993). 
It is known that at the same ionic strength, the electrochemomechanical 
response of the hydrogel depends on the three factors, the size of the hydrated counter 
ion, the ionic mobility, and the valence and concentration of the solution ions (El-Hag 
Ali et al., 2006). In present studies, the valence and concentration of the solution ions, 
+H , +Na  and Cl−  are considered in the MECglu model. The others two factors, the 
size of the hydrated counter ion, the ionic mobility will be investigated in the future 
work. 
 
2.4.5 Influences of Environmental pH  
 
For normal blood, there is no significant pH change expected, because the pH 
of blood is usually in a narrow range of around 7.4 (Suzuki and Kumagai, 2003). 
However, when people get a sick, the physiological pH will be changed, for instance, 
the acidosis can cause the pH value to drop down to 6.7, or alkalosis can target it up to 
7.8 (Hoffman, 1970; Varley et al., 1980). It is known that the reversible and remarkable 
volume transition of pH-sensitive hydrogels is associated strongly with the 
environmental solution pH (Kang and Bae, 2001), and the large pH variations may 
hinder the use of the insulin delivery system based on the hydrogels (Rehor et al., 
2005). In order to investigate the effect of the pH of surrounding solution on 
equilibrium behaviors of the glucose-sensitive hydrogels, the simulations are carried 
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out with the input parameters 0 10.0fc = mM, 1fz = − , * 138.0c = mM, 0.64E = MPa, 
4.0L = mm, 0 600LGel = μm, * 8.0gc = mM, 0.247oxc = mM, 2.5enzc = μM 
6.8pH = ,7.0, 7.2 and 7.4, respectively. 
Figure 2.49 illustrates the distributive profile of pH in the whole domain. It is 
found that pH value in the hydrogel is smaller than that in the surrounding solution. 
Typically, the pH drop is attributed to that glucose reacts with oxygen in the presence 
of the enzyme glucose oxidase forming gluconic acid and, thus, increasing the 
hydrogen concentration within the hydrogel (Hassan et al., 1997). Besides the more 
hydrogen ions accumulated by the chemical reaction and diffused from solution, the 
diffusion of glucose into and gluconic acid out of the hydrogel could attribute to a 
gradual pH change (Albin et al., 1987; Zhang and Wu, 2002). The result is consisted 
with the published simulations (Klumb and Horbett TA, 1992, 1993). 
Figures 2.50 and 2.51 show the effect of the environmental pH on the 
distributive profiles of +Na  and Cl− . It is found that the concentration of +Na  
within the hydrogel decreases with increasing of the environmental pH, while the 
concentration of Cl−  in the hydrogel increases conversely. The degree of ionization of 
the fixed charge groups in the hydrogel is modified by the pH of the surrounding 
solution. As microenvironmental pH increases over the apK  of ionizable groups, 
more and more ionizable groups become deprotonated. The formation of charged 
groups on the polymer backbone will affect the ionic diffusion (Podual et al., 2000). 
The increase of the negative charged groups will attract more counterions +Na  
diffusing into the hydrogel to satisfy electroneutrality condition, while the negative 
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charged groups will restrain Cl−  entering the hydrogel. 
Figures 2.52 and 2.53 show the distribution profiles of glucose and oxygen 
concentrations depending on the varying of environmental pH. Both the concentrations 
of glucose and oxygen decrease within the hydrogel as the environmental pH increases. 
Increase of pH within the hydrogel means few hydrogen ions, which will activate the 
enzyme reaction and then consume more reactants, glucose and oxygen. The pH of 
media solution affecting enzymatic activity may be another factor. Moderate changes 
in pH may also have effects on the ionic state of the enzyme and the substrate. 
Changes in pH could alter the charge distribution on the binding sites, resulting in a 
change in the efficiency of catalytic activity (Tozeren and Byers, 2004). Figure 2.54 
illustrates the distribution of the product of chemical reaction, gluconate acid, with 
various environmental pH. It is found that the concentration of gluconic acid increases 
with the environmental pH. The conversion of glucose will accumulate the gluconic 
acid in the hydrogel. The concentration of gluconic acid thus decreases in the hydrogel.  
Figure 2.55 shows the effect of environmental pH on the distributive profile of 
the electric potential. The absolute value of electric potential in the hydrogel enhances 
with the increase of environmental pH. Figure 2.56 shows the effect of environmental 
pH on the distributive profile of the fixed charge group density. With higher 
environmental pH, the fixed charge density gradually increases due to the 
deprotonation of ionizable groups. 
It is shown in Figure 2.57 that the change of environmental pH influences the 
displacement of the hydrogel strip. The hydrogel strip gains larger displacement with 
Chapter 2: Development of MECglu Model for Glucose-Sensitive Hydrogels 
83 
higher environmental pH value. Equilibrium swelling characteristics is obtained by 
exposing polymer samples to different pH solutions and yielding their swelling ratio as 
a function of pH. Figures 2.58 and 2.59 illustrate the effect of environmental pH on the 
swelling ratio of hydrogel strip with different glucose concentrations. When pH 
increases, the concentration differences between the interior hydrogel and the 
surrounding solution will enhances, which can be observed in Figures 2.50 and 2.51. It 
augments the osmotic pressure and accordingly drives the hydrogel to swell. The 
simulations agree well with the experimental results (Kang and Bae, 2001) As a given 
gc , the hydrogel immersed in solution with higher pH value gains larger swelling ratio. 
Furthermore, the simulation result suggests a good glucose response for the hydrogel 
in surrounding solution with higher pH value. 
 
2.4.6 Influences of Initial Hydrogel Length 
 
A hydrogel system in general, and especially those designed for drug delivery 
and tissue implantation, must fulfill the following minimum criteria: appropriate 
biocompatibility properties and size (McMahon et al., 2006). A hydrogel with suitable 
size can response fast to the external stimuli, maintain high mechanical strength and 
develop better physical integrity and storage capacity (Suzuki and Kumagai, 2003; 
Ziaie et al., 2004). Since the responsive nature of the hydrogel is limited by diffusion 
of chemical signals into the gel matrix, decreasing the size of the hydrogel will 
decrease the response time (Beebe et al., 2000). The size of hydrogels affects not only 
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the transient response, but also the equilibrium behaviors (Zhou et al., 2002; De and 
Aluru, 2004). Therefore, it is very important to assess the effect of the initial hydrogel 
length on the equilibrium behavior of the glucose-sensitive hydrogel. The following 
simulation are carried out with the input parameters 0 10.0fc = mM, 1fz = − , 
* 138.0c = mM, 0.64E = MPa, 7.4pH = , * 8.0gc = mM, 0.247oxc = mM, 
2.5enzc = μM, 4.0L = mm, 0 600LGel = , 700, 800, 900, 1000, 1100 and 1200μm, 
respectively. 
Figure 2.60 illustrates the distributive profile of hydrogen ion with the effect of 
initial length of hydrogel strip. The concentration of hydrogen ions decreases with the 
growth of length of hydrogel strip. Figures 2.61 and 2.62 show the effect of the initial 
length of hydrogel strip on the distributive profiles of +Na and Cl− . The concentration 
of +Na  in the hydrogel decreases with increasing of the initial length of hydrogel 
strip, while the concentration of Cl−  in the hydrogel increases conversely. The 
average pH in the hydrogel increases with the increase of the initial length of hydrogel 
strip, as shown in Figure 2.63. Transport for countions of negative fixed charge groups 
is limited to the regions containing fluid in the gel. The effective path is longer than the 
hydrogel thickness and affected by it, therefore the ions must weave its way through 
the hydrogel (Weiss et al., 1986). Because the increase of hydrogel length means the 
presence of more polymer chains, which are impenetrable to mobile ions, and 
increases the path length an ion travels, resulting in a slower diffusion rate (De and 
Aluru, 2004). 
Figures 2.64 and 2.65 show that the distributions of reaction substrates depend 
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on the variation of the initial length of hydrogel strip. Figure 2.66 illustrates the 
distribution of the product of chemical reaction, gluconate acid, with various initial 
length of hydrogel strip. From the three figures, it is found that the increasing of initial 
length of hydrogel strip retards the enzyme reaction, which results in the glucose 
accumulating in the hydrogel and less gluconic acid being produced. 
Figure 2.67 shows the effect of initial length of hydrogel strip on the 
distributive profile of the electric potential. The absolute value of the electric potential 
ψ  decreases with the growth of the hydrogel strip length. Figure 2.68 shows the effect 
of initial length of hydrogel strip on the distributive profile of the fixed charge group 
density. The fixed charge density decreases, due to the swelling of the hydrogel strip. It 
is shown in Figure 2.69 that the displacement of the hydrogel increases with the 
increase of initial length of hydrogel strip. Figure 2.70 shows the effect of initial length 
of hydrogel strip on the swelling ratio of hydrogel strip with different glucose 
concentrations. The equilibrium swelling reatio decreased reversely with the increase 
of diameter of hydrogel fibers (Fei et al., 2002).  
 
2.4.7 Influence of Young’s Modulus 
 
It is known that the mechanical properties of polymers result from the chain 
structure of the materials (Arridge, 1975). Experimental results show that the Young’s 
modulus of the hydrogel is improved by increasing the concentration of crosslinking 
agents, meaning that stiffness of the hydrogel is enhanced by the additional 
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crosslinking bonds (Sun et al., 2000). Therefore, the influence of crosslink density of 
hydrogel can be elucidated by investigating the equilibrium behaviors of the 
glucose-sensitive hydrogel with different Young’s modulus. Figures 2.71-2.81 show 
the effect of the Young’s modulus of the hydrogel on the equilibrium behavior of the 
glucose-sensitive hydrogel with the input parameters 0 10.0fc = mM, 1fz = − , 
* 138.0c = mM, 4.0L = mm, 0 600LGel = μm, 7.4pH = , * 8.0gc = mM, 
0.247oxc = mM, 2.5enzc = μM, 1.0 0.64E = × , 1.5 0.64× , 2.0 0.64×  and 
2.5 0.64× MPa, respectively. 
Figure 2.71 illustrates the distributive profile of hydrogen ion with the effect of 
Young’s modulus of the hydrogel. The concentration of hydrogen ions decreases when 
the hydrogel strip becomes much stiffer. Figures 2.72 and 2.73 show the effect of the 
Young’s modulus of the hydrogel on the distributive profiles of +Na  and Cl− . The 
concentration of +Na  in the hydrogel decreases slightly which that of Cl−  
increasing. This comes to a drop of concentration difference over the interface between 
the hydrogel and the surrounding solution and furthermore leads the osmotic pressure 
decreasing, which finally results in the shrinking of the hydrogel strip. The average pH 
in the hydrogel increases with the growth of the Young’s modulus of the hydrogel, as 
shown in Figure 2.74.  
Figure 2.75 shows that the distribution of glucose depends on the variation of 
Young’s modulus of the hydrogel. Figure 2.76 shows the distributive profile of oxygen 
concentration in the system. Figure 2.77 illustrates the distribution of the product of 
chemical reaction, gluconate acid, with various Young’s modulus. For the three 
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components, glucose, oxygen and gluconic acid, their concentrations change very tiny 
as shown in those figures. It implies that the change of Young’s modulus of the 
hydrogel strip has insignificant influence on the enzyme-catalyzed chemical reaction.  
Figure 2.78 shows the effect of Young’s modulus of the hydrogel on the 
distributive profile of the electric potential. Figure 2.79 shows the effect of Young’s 
modulus of the hydrogel on the distributive profile of the fixed charge group density. 
Both the electric potential and fixed charge density increase with increasing of Young’s 
modulus. 
It is shown in Figure 2.80 that the change of Young’s modulus of the hydrogel 
influences dramatically the displacement of the hydrogel strip. The hydrogel displays 
smaller displacement with higher Young’s modulus. Figure 2.81 shows the effect of 
Young’s modulus of the hydrogel on the swelling ratio of hydrogel strip with different 
glucose concentrations. The high Young’s modulus reveals that hydrogel chains highly 
crosslink. The equilibrium swelling ratio tended to decrease with increasing Young’s 
modulus because the hydrogel chains are enriched by crosslinking and the free volume 
in the network is reduced and thus restrained the expandability of the network. It yields 




The chapter has be successful modeled and simulated the equilibrium responsive 
behaviors of glucose oxidase-loaded pH-sensitive hydrogels subject to the blood 
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glucose concentration. The model can explain the experimental phenomena 
theoretically of the distribution of ionic concentration, electric potential and network 
deformation. It is noted that the current numerical simulation are conducted for the 
one-dimensional steady-state responsive behaviors of the glucose-sensitive hydrogels. 
The developed model has studied numerically the distribution of diffusive ionic 
concentration both in the hydrogel and the surrounding solution, the distribution of 
electric potential both in the hydrogel and the surrounding solution, the degree of 
equilibrium swelling, the displacement and swelling ratio of the glucose-sensitive 
hydrogels. 
The equilibrium analysis for the glucose-sensitive hydrogel by MECglu model is 
very valuable, especially for the comparison with experimental data. First, we obtain 
an enhanced understanding of the swelling mechanisms, such as the differing rate of 
entry of water and protons into the matrix, and equilibrium swelling of the hydrogel 
being attained when protonation of the fixed charge groups was complete. Second, the 
simulations will solve and explain some questions arising from experiments. 
Ultimately, the model will enable simulation of results of future experiments thus 
hastening the development process of new controlled delivery devices. The MECglu 
model could be used to simulate various combinations of the parameters, the important 
parameters involved account for differences in the physical structure of the hydrogels 
as well as variations in the swelling media investigated. Thus the present model 
enables better design of bench experiments in the optimization process of developing 
new drug delivery systems. 
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It is noted to point out that the glucose-sensitive systems based on the 
pH-responsive hydrogels have a series of unique characteristics, (1) they respond 
abruptly to glucose concentration, (2) they expand and contract abruptly because of pH 
changes, (3) they are mechanically strong and (4) they can contain large amounts of 
insulin dispersed uniformly in the hydrogels. According to these characteristics, such 
systems are promising candidates for insulin delivery for diabetics. 
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Table 2.1 Material properties and constants for the simulations by MECglu model 
Parameters Value 
Diffusion coefficient at infinite dilution in aqueous solution (25 o C ) ( 2m /s ) 
hydrogen ion (Plawsky, 2001) 99.31 10HD
−= ×  
gluconic acid and glucose (Albin et al., 
1987; Klumb and Horbett, 1992) 
106.75 10a gD D
−= = ×  
oxygen  (Albin et al., 1987; Klumb 
and Horbett, 1992; Abdekhodaie and 
Wu, 2005) 
92.29 10oxD
−= ×  
  
Faraday’s constant(C/mol) 49.645 10F = ×  
universal gas constant(J/mol.K) 8.314R =  
absolute temperature(K) T=310 
the vacuum permittivity or dielectric 
constant (Li et al., 2005) 
12
0 8.854 10ε −= × C2/Nm2, 
the relative dielectric constant of the 
surrounding medium (Li et al., 2005) 
80ε =  
kinetics constant (mol/cm3)
(Abdekhodaie and Wu, 2005) 
36.992 10oxK
−= × ;  
76.178 10gK
−= ×  
the maximum velocity  3 -1 3max (mol/s cm ) 860(s ) (mol/cm )enzV c× = ×  
the equilibrium dissociation constant 
(Kang and Bae, 2002) 
6.1710K −= mM. 
Young’s modulus (MPa) (Kidoaki et al., 
2001; Sudipto et al., 2002) 
E=0.6~1.5 
the initial water volume fraction (Li et 
al., 2004) 
0 0.8
wφ =  
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Initially fixed charge density and 
valence of fixed charge groups 
0 10fc = mM 
1fz = −  
Boundary conditions * Na Cl 138.0c c c+ −= = = mM 
Geometry size 4000μmL = ; 
0 600LGel = μm 
 
Table 2.2 The gradient operator in Cartesian, Cylindrical and Spherical Coordinates 
(Plawsky, 2001). 




∂ ∂ ∂∇ = + +∂ ∂ ∂i j k  
Cylindrical 1( )J J
r r r z
∂ ∂ ∂∇ = + +∂ ∂ ∂r θ ze e e  
Spherical 1 1( )
sin φ
J J
r r rθ θ
∂ ∂ ∂∇ = + +∂ ∂ ∂r θ φe e e  
 
Table 2.3 Conjugate Pairs of Thermodynamic Variables (Alberty and Silbey, 1996) 
Type of Work Intensive variable Extensive Variable Differential Work 
Hydrostatic Pressure, P  Volume, V  PdV−  
Surface Surface tension, γ  Area, sA  sdAγ  
Elongation Force, f  Length, L  fdL  
Electrical Potential difference, φ  Electric charge, Q  dQφ  
Gravitational Gravitational potential, ψ  Mass, m  dmψ  
 




















Figure 2.1  Schematic for volume-phase transition of pH-sensitive hydrogel. The 
hydrogel expands when the sulfonamide groups are fully charged 
negatively at high pH and completely collapse by protonation of 














Figure 2.3  Ionic species flux and reactions in a differential volume element in (a) 
three-dimensional and (b) one-dimension domains. 
 
 
Figure 2.4  Flowchart for the MECglu model. 
 








Figure 2.6  Swelling ratio of the hydrogel at 37 o C  in pH buffer solution.  
 





Figure 2.7  Average pH within the hydrogel strip. 
 
 
Figure 2.8  Glucose dependent swelling of the glucose-sensitive hydrogel at 37 o C
in pH buffer solution. 
 









Figure 2.10  The average pH in hydrogel drops when increasing the oxygen supply 
in the media. 
 





Figure 2.11  Effect of the oxygen concentration on the distributive profiles of +Na . 
 
 
Figure 2.12  Effect of the oxygen concentration on the distributive profiles of Cl− . 
 




Figure 2.13  Distribution of glucose depends on the varying of oxygen concentration.
 
 
Figure 2.14  The distributive profile of oxygen concentration in the system. 
 




Figure 2.15  Distribution of the product of chemical reaction, gluconate acid, with 
various oxygen concentrations. 
 
 
Figure 2.16  Effect of oxygen concentration on the distributive profile of the electric 
potential. 
 








Figure 2.18  Effect of oxygen concentration on the swelling ratio of hydrogel with 
different glucose concentrations. 
 









Figure 2.20  Effect of the enzyme concentrations on the distributive profiles of +Na .
 





Figure 2.21  Effect of the enzyme concentrations on the distributive profiles of Cl− . 
 
 
Figure 2.22  Distribution of glucose depends on the varying of concentrations. 
 




Figure 2.23  Distributive profile of oxygen concentration in the system. 
 
 
Figure 2.24  Distribution of the product of chemical reaction, gluconate acid, with 
various enzyme concentrations. 
 









Figure 2.26  Effect of enzyme concentration on the distributive profile of the fixed 
charge group density. 
 
 









Figure 2.28  Change of enzyme concentration influences the average pH in the 
hydrogel. 
 





Figure 2.29  Effect of enzyme concentration on the swelling ratio of hydrogel with 
different glucose concentrations. 
 
 
Figure 2.30  Distributive profile of hydrogen ion concentration with the various 
initially fixed charge group densities. 
 




Figure 2.31  Effect of the initially fixed charge group density on the distributive 
profiles of +Na . 
 
 
Figure 2.32  Effect of the initially fixed charge group density on the distributive 
profiles of Cl− . 
  




Figure 2.33  Change of initially fixed charge group density influences the average 
pH in the hydrogel. 
 
 
Figure 2.34  Distribution of glucose depends on the varying of initially fixed charge 
group densities. 
 




Figure 2.35  Distributive profile of oxygen concentration in the system. 
 
 
Figure 2.36  Distribution of the product of chemical reaction, gluconate acid, with 
various initially fixed charge group densities. 
 




Figure 2.37  Effect of initially fixed charge group densities on the distributive profile 
of the electric potential. 
 
 
Figure 2.38  The change of initially fixed charge group densities influences the 
displacement of the hydrogel strip. 
 




Figure 2.39  Effect of enzyme concentration on the swelling ratio of hydrogel with 
different initially fixed charge group densities. 
 
 
Figure 2.40  Distributive profile of hydrogen ion concentration with the various ionic 
strengths. 
 





Figure 2.41  Distribution of glucose depends on the varying of ionic strengths. 
 
 
Figure 2.42  Distributive profile of oxygen concentration in the system. 
 
 




Figure 2.43  Distribution of the product of chemical reaction, gluconate acid, with 
various ionic strengths. 
 
 
Figure 2.44  The change of ionic strength influences the average pH in the hydrogel. 
 
 









Figure 2.46  Effect of ionic strengths on the distributive profile of the fixed charge 
group density. 
 
















Figure 2.49  Distributive profile of pH in the whole domain. 
 
 
Figure 2.50  Effect of the environmental pH on the distributive profiles of +Na . 
 




Figure 2.51  Effect of the environmental pH on the distributive profiles of Cl− . 
 
 
Figure 2.52  Distribution of glucose depends on the varying of environmental pH. 
 




Figure 2.53  Distributive profile of oxygen concentration in the system. 
 
 
Figure 2.54  Distribution of the product of chemical reaction, gluconate acid, with 
various environmental pH. 
 








Figure 2.56  Effect of environmental pH on the distributive profile of the fixed 
charge group density. 
 








Figure 2.58  Effect of glucose concentrations on the swelling ratio of hydrogel strip 
with different environmental pH. 
 




Figure 2.59  Effect of environmental pH on the swelling ratio of hydrogel strip with 
different glucose concentrations. 
 
 
Figure 2.60  Distributive profile of hydrogen ion with the effect of initial length of 
hydrogel strip. 
 





Figure 2.61  Effect of the initial length of hydrogel strip on the distributive profiles 
of +Na . 
 
 
Figure 2.62  Effect of the initial length of hydrogel strip on the distributive profile of 
Cl− . 
 




Figure 2.63  Variations of average pH in the hydrogel with the effect of the initial 
length of hydrogel strip. 
 
 
Figure 2.64  Distribution of glucose depends on the varying of initial length of 
hydrogel strip. 
 




Figure 2.65  Distributive profile of oxygen concentration in the system. 
 
 
Figure 2.66  Distribution of the product of chemical reaction, gluconate acid, with 
various initial length of hydrogel strip. 
 








Figure 2.68  Effect of initial length of hydrogel strip on the distributive profile of the 
fixed charge group density. 
 




Figure 2.69  The change of initial length of hydrogel strip influences the 
displacement of the hydrogel strip. 
 
 
Figure 2.70  The effect of initial length of hydrogel strip on the swelling ratio of 
hydrogel strip with different glucose concentrations. 
 




Figure 2.71  Distributive profile of hydrogen ion with the effect of Young’s modulus 
of the hydrogel. 
 
 
Figure 2.72  Effect of the Young’s modulus of the hydrogel on the distributive 
profiles of +Na . 
  




Figure 2.73  Effect of the Young’s modulus of the hydrogel on the distributive 
profiles of Cl− . 
 
 
Figure 2.74  The variations of average pH in the hydrogel with the effect of the 
Young’s modulus of the hydrogel. 
 








Figure 2.76  Distributive profile of oxygen concentration in the system. 
 




Figure 2.77  Distribution of the product of chemical reaction, gluconate acid, with 
various initial length of hydrogel strip. 
 
 
Figure 2.78  Effect of Young’s modulus of the hydrogel on the distributive profile of 
the electric potential. 
 




Figure 2.79  Effect of Young’s modulus of the hydrogel on the distributive profile of 
the fixed charge group density. 
 
 
Figure 2.80  The change of Young’s modulus of the hydrogel influences the 
displacement of the hydrogel strip. 
 




Figure 2.81  Effect of Young’s modulus of the hydrogel on the swelling ratio of 
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Chapter 3  
Development of Multi-Effect-Coupling pH-Electric-Stimulus 






Theoretically, the mechanism of the smart hydrogels responding to the 
electric-stimulus is similar to that to solution pH (Tanaka, 1981; Qiu and Park, 2001). 
After an electric field is applied to the bath solution, ions will diffuse between the 
hydrogels and surrounding solution. The diffusion gives rise to the ionic concentration 
differences between the interior hydrogel and exterior solution because of the fixed 
charge groups bound to the crosslinked macromolecular chains. As a result, an osmotic 
pressure is generated due to the concentration differences, which drives the swelling or 
shrinking of the hydrogel. The deformation of the hydrogel results in the redistribution 
of the diffusive ions and fixed charge groups, which causes new ionic concentration 
differences and then the hydrogel deforms again. The recurrent kinetics will continue 
and finally stop when the hydrogel reaches an equilibrium state. It explains well how 
the chemical energy converts to the mechanical energy. 
The majority of studies on the hydrogels generally focused on a single stimulus 
at a time. However, one can expect that the hydrogel in a given application might 
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experience more then one stimuli. One of examples is the poly(N-iso-propylacrylamide) 
(PNIPAAm) hydrogel, which is sensitive to both temperature and pH for applications 
of drug delivery (Dong and Hoffman, 1990, 1991; Brazel and Peppas, 1996; Shin et al., 
2003). Other examples are the typical pH-sensitive hydrogels for electric-sensitive 
applications, for example, Poly(2-acrylamido-2-methylpropane sulfonic acid) 
(PAMPS), Poly(acrylic acid) (PAA), and poly(methacrylic acid-co-vinyl alcohol) 
PMAA/PVA IPN hydrogel (Schreyer et al., 2000; Jin and Hsieh, 2005). When the 
hydrogel is subjected to a single particular stimulus at a time, one often faces the 
problems such as long response time and limited deformation. To overcome these 
limitations, thinner and smaller hydrogels are possible solutions. Unfortunately, this 
approach generally compromises the mechanical strength and leads to more fragile 
systems (Schreyer et al., 2000; Qiu and Park, 2001). An alternative is to perturb the 
hydrogel with multiple stimuli, in which the multiple stimuli will shorten the response 
time and increase swelling ratios. Kim et al. demonstrated this improvement in a string 
of experiments for the hydrogels subjected to simultaneous changes in both pH and 
applied electric field (Kim et al., 2003, 2004a, 2004b). They can reduce response time 
of swelling and shrinking down to a few seconds or less. With this performance, fast 
response actuators and artificial muscles become more feasible (Sawahata et al., 1990; 
Otake et al., 2002; Shihinpoor, 2003).  
With the emergence of various applications that relies on the swelling behavior 
of the hydrogels, a convincing need comes for physically accurate theories and 
numerical simulations capable of capturing, analyzing, and predicting the behavior. To 
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design micro-actuation and sensing devices based on the smart hydrogels, it is critical 
to predict the relationship between the swelling time and the environmental stimuli. 
These theories and models must provide sufficient physical understanding of the 
various processes associated with the swelling of hydrogels (Dolbow et al., 2007). 
With the knowledge, the performance characteristics of the hydrogels can be optimized 
during the fabrication of the hydrogels.  
This chapter is organized as follows. In Section 3.2, the Multi-Effect-Coupling 
pH-Electric-Stimulus (MECpHe) model is developed in details for the hydrogels 
responsive to the coupled pH-electric stimuli. Section 3.3 describes the discretization 
of the governing equations and boundary conditions of the MECpHe model. Section 
3.4 validates the present MECpHe model by comparison between the simulation 
results and experiments. Section 3.5 discusses the effect of the several important 
physical and chemical parameters on the response of the hydrogels. Section 3.6 closes 
this chapter with some final remarks. 
 
3.2   Development of MECpHe Model 
The hydrogels responsive to the coupled pH-electric stimuli are able to convert 
chemical energy to mechanical energy. They are applied in controlled drug delivery in 
which the release pattern is affected by the externally applied electric field and solution 
pH (Qiu and Park, 2001). In order to simulate the responsive behaviors of hydrogels 
under the coupled pH-electric stimuli, based on the rMECe model which will be 
mentioned in Chapter 4, a new model is developed in this chapter, and called 
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multi-effect-coupling pH-electric-stimuli (MECpHe) model. The main contribution of 
the MECpHe model is the reformulation of the fixed charge density with simultaneous 
considerations of solution pH, electric potential and hydrogel large deformation. 
 
3.2.1 Nernst-Planck Equations for Ionic Transportation 
 
For simplicity of describing the flux of kth ionic species in solution, the 
convective transport of the ionic species is neglected here. Thus, the flux of kth ionic 




⎛ ++−= )grad(ln)grad()grad(][ kkkkkkk ccRT
FzcD γψJ  ),,2,1( Nk …=  (3.1)
where kJ , ][ kD , kc  and kz  are the flux (mM/s), the diffusivity tensor, the 
concentration (mM) and the valence number of the kth diffusive ionic species, ψ  is 
the electrostatic potential (V) and kγ  is the chemical activity coefficient. F, R and T 
are the Faraday’s constant 4106487.9( × C/mol), universal gas constant 
( KJ/mol 8.314 ⋅ ) and absolute temperature (K), respectively. 
The three terms on the right hand side of the equation (3.1) represent the 
diffusive flux due to the concentration gradient, the migration flux due to the gradient 
of the electrical potential and chemical flux related to the chemical activity coefficient. 
Based on the law of mass conservation, the change of the species k contained in 
the volume with respect to time t is given by the difference between the fluxes entering 
and leaving the reference volume. Thus, Nernst-Planck type of the mass conservation 
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is derived as 














3.2.2 Poisson Equation for Electric Potential 
 
As more rigorous approach, the Poisson equation is used to describe the spatial 











where ε  is the relative dielectric constant of the medium and 0ε  is the vacuum 
permittivity or dielectric constant ( 2212 /NmC 108.85418 −× ). It is observed that the 
electroneutrality and constant field hypotheses are in fact special cases of the Poisson 
equation. 
Based on Langmuir adsorption isotherm theory (Grimshaw et al., 1990), a 
relation between the fixed charge and diffusive hydrogen ion concentration can be 
developed to complete the Poisson equation, whereby the concentration of the fix 







f f f f
c c c K
c c c c
K c K c
⋅ ⋅= − = − =+ +  
(3.4)
where fc  and fz  are the concentration and the valence of the fixed charge groups 
attached onto the polymeric chains within the hydrogel. For example, if the carboxylic 
acid groups are used as the fixed charges on the polymer chains, 1−=fz . K is the 
dissociation constant of the carboxylic acid groups, 0fc  is the total concentration of 
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the ionizable groups in the hydrogel, +Hc  is the concentration of hydrogen ions H
+  
within the hydrogel and H is the local hydration of the hydrogel. 
In the presently developed MECpHe model, the total concentration of the fixed 
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cn n n V n V n Vc
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(3.6)







c K c K
c
K c H K c
⋅ ⋅= = ⋅+ + +  
(3.7)
As mentioned above, the local hydration of the hydrogel is defined as s
w
V















From the equation (3.8), the volume fractions of water and solid phases can be 
written as, respectively 
H
Hw





Here the volume fraction of ions iφ  is assumed to be comparatively very 
small, and then the saturation equation is given as 
1≈+ sw φφ  (3.11)
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The relationship between of the volume fractions of water and solid phases is 







V ssssw ⋅−=−=−=−≈ 00
0
1111 φφφ  (3.12)
where J ( dVdVJ /0= ) is the volume ratio of apparent solid phase and can be 
expressed by the Green strain tensor E of the apparent solid phase as follows (Hon et 
al., 1999), 
)(8)(4)(211 321 EEE FFFJ
+++=  (3.13)
where ),()(1 EE trF =  )(2 EF  and )(3 EF  are the first, second and third invariant of 
Green strain tensor E, respectively. 
The Green strain tensor can be expressed in terms of displacement gradients by 





j i i j
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X X X X
∂∂ ∂ ∂= + +∂ ∂ ∂ ∂  
(3.14)
where iX , jX  are the components of the position vector in the initial configuration, 































Three invariants of the deformation gradient tensor are defined as follows (Lai 
et al., 1974), 
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Substituting the equations (3.13) and (3.21) into the equation (3.7), the density 










In one-dimensional case, by substituting the equation (3.19) into the equation 














⋅⋅= φ  (3.23)
 
3.2.3 Nonlinear Mechanical Equation for Finite Deformation 
 
The first Piola-Kirchhoff stress tensor P is a kind of expatriate, living partially 
in the deformed (current) configuration x and partially in the reference configuration X 
(where = +x X u ), and is unable to measure. For this reason and because of the 
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absence of symmetry in the first Piola-Kirchhoff stress tensor P, it is seldom used in 
constitutive equations. However, the second Piola-Kirchhoff stress tensor S is 
symmetric and is often used as the stress measure, and then the second Piola-Kirchhoff 
stress tensor S is chosen to analyze the large deformation. The relationship between the 
first Piola-Kirchhoff stress tensor P and the second Piola-Kirchhoff stress tensor S is 
given as, 
T=P SF  (3.24)
where F  is the deformation gradient tensor and defined as, 
= +∇F I u  (3.25)
The second Piola-Kirchhoff stress tensor S is given by, 
osmoticp= −S CE I  (3.26)
where C  is the material tensor and E is the Green-Lagrangian strain tensor that is 
used as the strain measure, 
T1 ( )
2
= −E F F I  (3.37)
Then, the governing equation for large deformation can be written as follows 
T[( ) ] 0osmoticp∇⋅ − =CE I F  (3.38)
So far the development of MECpHe model is completed. For the present 
one-dimensional study, the full governing equations of the model consist of the 
Nernst-Planck convention-diffusion equations for ion concentration, Poisson equation 
for the electric potential, and nonlinear mechanical equation for the hydrogel large 
displacement, namely 
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λ μ+ + + − = (3.38)




eAnode V5.0=ψ  and eCathode V5.0−=ψ   (3.40)
where *c  is the initial ionic concentration of the bath solution and eV  the externally 
applied electric voltage. 
At the solvent/hydrogel interfaces ( ( ) / 2x L h= ± ): 
osmoticpdu
dx E
=            (3.41) 
In addition, to prevent the hydrogel from undergoing translational motion in the 
applied electric field, a point constraint is introduced in the middle of the hydrogel 
( / 2x L= ): 
      0   u =            (3.42) 
 
3.3 Discretization of MECpHe Model 
 
For computational convenience, a set of non-dimensional variables are defined 
as, 
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refL
xx = , 
refL




















osmotic ξ=   
 (3.46)
Then, the non-dimensional forms of partial differential governing equations of 
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Finally, the discrete forms of the non-dimensional 1-D steady-state partial 
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where np is the number of the scattered points in the whole domain covering the 
hydrogel and surrounding solution, and npGel is that within the hydrogel domain only. 
 
3.4 Examination of MECpHe Model 
 
In order to examine the MECpHe model, a numerical comparison is made 
between the computed results and experimentally measured bending data extracted 
from the publication (Kim et al., 2004b), where Kim et al. measured experimentally 
the deformation of the PMAA/PVA IPN hydrogel strip which was immersed in the pH 
buffer solution, as shown in Figure 3.2. When the pH is low, the carboxylic acid 
groups in PMAA are in the form of R COOH− . As the pH increases, R COOH−  is 
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dissociated to R COO−− , the hydrogel strip swells uniformly (Kim et al., 2004b). 
When the electric field is applied, the electric potential will cause the non-uniform 
distribution of ionic concentrations, leading to the unequal concentration differences at 
both the interfaces between the hydrogel and surrounding solution near to the anode 
and cathode, respectively. The unequal concentration differences result in the unequal 
osmotic pressure at both the interfaces near the anode and cathode, which makes the 
hydrogels bent (Wallmersperger and Kroeplin, 2001; Homma et al., 2001). 
The proposed hydrogels contain carboxylic groups and undergo drastic change 
in swelling capacity with pH of the external media. The minimum swelling in the 
media of low pH may be attributed to the fast that the –COOH groups present along 
the macromolecular chains in the matrix remain almost unionized (since apK  of the 
acrylic acid is 5.4), thus resulting in almost nil osmotic swelling pressure as there is no 
difference of mobile/counter ions concentration inside/outside of the gel matrix. 
Moreover, there occur H-bonding interactions among the carboxylic groups within the 
matrix, thus providing a compact H-bonded structure to the hydrogel, which ultimately 
restricts the movements of polymeric segments and highly discourages the solvent 
entrance. However, when the hydrogel is put in the medium of pH higher than apK , 
the ionization of –COOH groups not only increases the osmotic swelling pressure but 
it also results in relaxation of polymeric chains due to repulsion among similarly 
charged R COO−−  groups along the macromolecular chains. This causes extensive 
swelling of the hydrogel as indicated by higher swelling ratio of the gel (Bajpai and 
Dubey, 2005). 
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The parameters used for examination of the model include =8.314 J/mol KR ⋅ , 
49.648 10F = × C/mol, T=278K, 120 8.854 10ε −= × C2/Nm2, 80ε = , * 137.1c = mM, 
1fz = − , 0 200fc = mM, the initial water volume fraction 0 0.8wφ = . In general, the 
elastic modulus of the polymer PMAA varies with change in buffer solution pH (Yin 
et al., 1997; Bashir et al., 2002; Rong et al., 2004). The elastic modulus is taken here as 
3MPa according to the experiment (Yin et al., 1997). The distance between the two 
carbon electrodes 30L = mm and the hydrogel strip is tailed in 320 5 0.2mm× × . The 
simulating results are illustrated in Figure 3.3 for the bending behavior of the hydrogel 
subject to the electric voltage ( 15eV = V) coupled with solution pH stimuli. In order to 
measure the bending deformation of the hydrogel, an equilibrium bending angle (EBA), 
α , is defined as 0 1 245 ( ) /L e e hα π= −  in the unit of degree (Kim et al., 2004b), 
where 1e  and 2e  are the strains of the hydrogel strip at the two ends in thickness 
direction, 0L  and h  are the length and thickness of the hydrogel strip, respectively. 
At the higher electric voltage 15eV = V, the profile of α  increasing gradually with 
buffer solution pH value may be divided into three stages. When the pH is lower than 
pH=4.0 or higher than pH=6.0, the α  achieves in increasing gradual rate. However, it 
will increase rapidly in the range from pH=4.0 to 6.0. Basically the deformation 
mechanism of the hydrogel may be explained by the Flory’s osmotic pressure theory 
(Shiga and Kurauchi, 1990; Yang and Engberts, 2000). When external electric field is 
applied, mobile ions will move toward their counter electrode. As a result, an ion 
concentration gradient is developed. The osmotic pressure due to the ion concentration 
difference is generated at both the interfaces between the hydrogel and the surrounding 
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solution. The cation Na+ diffuses into the hydrogel more than the anions Cl−, and move 
toward the cathode. Since the increase of osmotic pressure at the interface near the 
anode is larger than that at the interface near the cathode, the hydrogel near the anode 
swells greater than that near the cathode, which results in the bending toward the 
cathode. Figure 3.3 demonstrates that the simulating results agree well with the 
experimental data (Kim et al., 2004b). This validates the MECpHe model with 
capability of efficiently simulating hydrogels responsive to coupled pH-electric 
stimuli. 
 
3.5 Simulation for Effects of Various Parameters 
 
For further understanding of the influences of various physical parameters on 
the responsive behaviors of the hydrogels subject to the solution pH and electric field 
coupled stimuli, several simulations are carried out with the parameters 
=8.314 J/mol KR ⋅ , 49.648 10F = × C/mol, T=278K, 120 8.854 10ε −= × C2/Nm2, 
80ε = , * 4.0c = mM, 10.0sfc = mM, 1fz = − , 0 0.8wφ = , 2400L = μm, 800h = μm, 
and the Young’s modulus is 3.0MPa. The simulation results are illustrated in the 
following subsections, in which the influences of the several important parameters are 
discussed in detail on the responsive distribution of the diffusive ionic concentrations 
kc , the electric potential ψ , and the fixed charge density fc  as well as the 
mechanical deformation of hydrogel, including the hydrogel strip displacement u , 
swelling ratio sR  and average curvature aK . In the present simulations, an average 
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curvature, aK , is defined as 1 2 1 22( ) /[ (2 )]aK e e h e e= − + +  ( 1e  and 2e  are the strains 
of the hydrogel strip at the two ends) at the fixed point of hydrogel thickness axis for 
measurement of the bending deformation of the hydrogel (Li et al., 2007). 
 
3.5.1 Coupled Effects of pH and Electric Voltage 
 
Figures 3.4 and 3.5 show the influence of surrounding solution pH on the 
distribution of diffusive ionic species concentrations of the system in response to the 
coupled stimuli of solution pH and electric voltage, with eV =0, 0.08, 0.16 and 0.32, 
respectively. When no external electric field is applied, i.e. 0eV = , the distributions of 
the diffusive ionic concentrations are simulated and shown in Figures 3.4(a) and 3.5(a), 
respectively. It is observed from the figures that the electroneutrality phenomenon 
exists in the bath solution and the hydrogel strip. The concentrations of the diffusive 
ionic species, Na+  and Cl−, are distributed uniformly within hydrogels and 
symmetrically in the whole computational domain. The same profiles of concentration 
differences at the both interfaces between the hydrogels and surrounding solution 
occur near to the anode and cathode. This makes the hydrogel strip swell uniformly 
without bending deformation. Once an electric field is applied however, such as 
0.16eV = V, the distributions of the diffusive ionic species Na+  and Cl− 
concentrations are no longer uniform in the hydrogels and bath solution, and also no 
longer symmetric in the whole domain. It is noted that the simulated hydrogel is 
assumed to be charged negatively.As the electric field is applied, the mobile cations 
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Na+  transport from anode region to cathode one until the equilibrium state is achieved. 
Therefore, the diffusive Na+ concentration increases at the hydrogel edge near the 
cathode and decreases near the anode. When the electric current is constant in 
equilibrium state, it is understood that the electroneutrality conserves at every local 
point in the solution and the global flow of all ions across the boundary yields a null 
current. As a result, the Cl− concentration also increases at the hydrogel edge near the 
cathode and decreases near the anode. With increasing the distance from the cathode, 
the concentrations of the diffusive ionic species Na+  and Cl− decrease within the 
hydrogels. It can also be observed from Figures 3.4(b)-(d) and 3.5(b)-(d) that the 
differences of ionic concentrations at the hydrogel-solution interfaces between the 
interior hydrogel and exterior bath solution near the anode are larger than that near the 
cathode. Along the pH-axis direction, the profile of concentration distributions forms a 
slant for the cation Na+ concentration over the hydrogel-solution interface near the 
anode and a trench near the cathode, while the distributive profile of the anion Cl− 
concentration forms a trench near the anode and a slant near the cathode. Moreover, 
the distributive profiles of ionic concentrations change significantly from pH 1.0 to 6.0, 
while the distributions vary gradually from pH 6.0 to 10.0. In brief, it is known that the 
simulations shown in Figures 3.4 and 3.5 are consistent qualitatively with the 
experimental phenomena (Doi et al., 1992). 
Figures 3.6(a)-(d) demonstrate the coupled influences of the solution pH and 
electric voltage on the distribution of electric potential ψ  of the system. If 0eV = , 
the distribution of electric potential ψ  is symmetric in the whole domain and uniform 
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in the hydrogel strip, as shown in Figure 3.6(a). As an electric voltage is applied to the 
system as shown in Figures 3.6(b)-(d), the distribution of the electric potential ψ  is 
unsymmetrical and non-uniform, where the gradients of electric potential ψ  are 
observed over the hydrogel-solution interfaces. The larger difference of electric 
potential ψ  near the anode leads to the larger concentration difference over the 
interfaces near the anode. Furthermore, the larger concentration difference near the 
anode, relatively compared with that near the cathode, results in the higher osmotic 
pressure near the anode. In addition, the collapse within the hydrogel domain will 
diminish with the increase of applied voltage. Thus the unequal osmotic pressures near 
to the anode and cathode cause the hydrogel bending (Homma et al., 2001). 
Figures 3.7(a)-(d) illustrate the influence of pH on the distribution of fixed 
charge density fc  of the hydrogel responding to different electric voltages. It is 
known from these figures that the distribution of fixed charge density fc  of the 
hydrogel decreases when the voltage is applied to the system. The increase of the 
electric voltage makes the hydrogel strip swell and then the fixed charge groups 
redistribute within the hydrogel. The fixed charge groups redistribute and its 
corresponding density decreases since the electric voltage eV  causes the hydrogel 
strip to swell and bend. Along the pH-axis direction, the distributive profiles of fixed 
charge group increase rapidly from pH=1.0 to 6.0, and then gradually from pH 6.0 to 
10.0, similarly to those of the diffusive ionic species Na+  and Cl− concentrations and 
electric potential ψ . 
Figures 3.8(a)-(d) show the influence of the buffer solution pH on the 
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distribution of displacement u  of the hydrogel under different electric voltages. It is 
seen from the figures that the displacement of the hydrogel strip changes dramatically 
with the electric-pH coupled stimuli. In the range of pH=2 to 6, if an electric voltage is 
applied, such as 0.32eV = V, the hydrogel strip swells obviously and the displacement 
is about 10 times larger than that of the hydrogel strip without electric stimulus. When 
pH is higher than 6, the effect of solution pH on the displacement of the hydrogel is 
insignificant and the displacement is distributed almost uniformly. This is a good 
example to demonstrate that the smart hydrogels responsive to the solution pH and 
electric voltage coupled stimuli can gain larger deformation and perform better 
mechanical strength. Thus they have a great potential for application as linear actuator 
in BioMEMS (Schreyer et al., 2000). 
Figures 3.9-3.13 show the coupled effect of solution pH and electric voltage 
eV  on the variation of swelling ratio sR  and average curvature aK  of the hydrogel 
strip. Figure 3.9 illustrates that the effect of solution pH on the variation of swelling 
ratio sR  with 0.4eV = V. Figure 3.10 shows that the coupled effect of solution pH 
and external electric voltage eV  stimuli on the swelling ratio. It is observed from the 
figure that the swelling ratio sR  increases with the applied voltage eV . Theoretically 
it is known that, the increment of the applied voltage eV  amplifies the osmotic 
pressure and makes the hydrogels swell. It is also seen that the swelling ratio sR  of 
the hydrogel strip changes dramatically with the coupled pH-electric stimuli, especially 
in the range of pH=1.0 to 6.0. In the range of pH=6.0 to 9.0 however, the effect of 
solution pH on the swelling ratio sR  is insignificant. 
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Figures 3.11 and 3.12 illustrate the coupled influences of the solution pH and 
the electric voltage on the average curvature aK  of the hydrogel. It is observed that 
the average curvature aK  of the hydrogel increases with the externally applied 
voltage eV , especially under higher electric voltage eV . Then the hydrogel in 
equilibrium state gains larger bending deformation, which is different from the 
behavior of the hydrogel responsive to the single stimulus, i.e. solution pH only. At the 
same level of electric voltage, the average curvature aK  increases dramatically from 
pH=1.0 to 4.0. However, it gains tiny increase in the range of pH=5.0 to 9.0. The 
deformation of the hydrogel may be produced by changes of two physical parameters 
(Kim et al., 2003; Lam et al., 2006). One is the change of the osmotic pressure due to 
the difference of ion concentrations between the inside and the outside hydrogel. It is 
the main driving force to make the hydrogel have swelling and bending deformations. 
The other is the change of applied electric voltage. The higher voltage results in the 
larger difference of the ionic concentration over the interfaces of the hydrogel. The 
concentration differences cause differences of the osmotic pressures at the two 
interfaces of the hydrogel, which makes the hydrogel bent. As a result, higher voltage 
eV  makes larger average curvature aK , as shown in Figure 3.39. The predictions by 
the present simulations are consistent with the experimental phenomena (Bajpai, 
2001). 
 
3.5.2 Effect of Initially Fixed Charge Group Density 
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For discussion of the effect of initially fixed charge group density on the 
responsive behaviors of the hydrogels subject to the solution pH and electric field 
coupled stimuli, several simulations are carried out numerically with the input 
parameters required by the MECpHe model, =8.314 J/mol KR ⋅ , 
49.648 10F = × C/mol, T=298K, 120 8.854 10ε −= × C2/Nm2, 80ε = , * 4.0c = mM, 
1=kz , 10.0sfc = mM, 1fz = − , 2.110K −= mM, 0 0.8wφ = , 2400L = μm, 
800h = μm, and the Young’s modulus is 3.0MPa. 
Figures 3.14 and 3.15 are plotted for the distribution of mobile ions Na+ and 
Cl−  with coupled influences of solution pH and external electric voltage eV  
( 0.16VeV = ) as well as initially fixed charge density, 0fc =2.0, 4.0, 8.0 and 16.0mM, 
respectively. As shown in Figures 3.14(a)-(d), when the initially fixed charge density 
0
fc  increases, the concentration distributions of the cation Na
+  increase within the 
hydrogel, and the gradient of ionic concentration within the hydrogel increases, which 
will enhance the osmotic pressure to swell the hydrogel strip. The increase of the 
initially fixed-charge density 0fc  increases the concentrations of the cation within the 
hydrogels, which makes main contribution into the increment of the ionic 
concentration differences between the hydrogel-solution interfaces. Similarly, this 
leads to the increase of osmotic pressure and then the swelling of the hydrogel. The 
simulated results are consistent with the experimental phenomena (Fei et al., 2002). 
Figures 3.16 and 3.17 show that coupled influences of solution pH and external 
electric voltage eV  ( 0.16VeV = ) as well as initially fixed charge density on the 
profiles of electric potential ψ  and fixed charge density fc , where 0fc =2.0, 4.0, 8.0 
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and 16.0mM, respectively. It is found that the collapse of electric potential ψ  within 
the hydrogel enhances as the initially fixed charge density 0fc  increases, while the 
gradient of ψ  within the hydrogel diminishes, as shown in Figures 3.16(a)-(d). 
Additionally, it is found in Figures 3.17(a)-(d) that the fixed charge density increases 
obviously. 
Figures 3.18-22 show that the coupled influences of solution pH and electric 
voltage eV  as well as initially fixed charge density 
0
fc  on the mechanical 
deformation of the stimuli-sensitive hydrogel. 
Figures 3.18(a)-(d) illustrates that the distributive profile of displacement u  
with the coupled influences of solution pH and electric voltage ( eV =0.16V) as well as 
initially fixed charge density 0fc =2.0, 4.0, 8.0 and 16.0mM, respectively. It is seen that 
the displacement u  increases dramatically with increment of the initially fixed charge 
density 0fc . For example, the displacement increases about 10 times as 
0
fc  changes 
from 2mM to 16.0mM. 
Figures 3.19 and 22 illustrate the coupled influences of the solution pH and the 
electric voltage eV  as well as the initially fixed charge density 
s
fc  on the hydrogel 
curvature aK , when the solution pH changes from 1.0 to 9.0 and the electric voltages 
eV  varies from 0 to 0.4V, and the initially fixed charge densities 
0
fc =2.0, 4.0, 8.0 and 
16.0mM, respectively. It is observed from the three figures that the average curvature 
aK  of the hydrogel strip increases with the externally applied voltage eV . If the 
electric voltage eV  is higher, the hydrogel strip gains larger equilibrium bending 
deformation, which is different from the behavior of the hydrogel strip responsive to 
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the solution pH. At the given electric voltage eV , the average curvature aK  increases 
dramatically from pH=1.0 to 4.0. However, it gains tiny increase in the range of 
pH=5.0 to 9.0. The deformation of the hydrogel may be produced by changes of two 
factors (Kim et al., 2003). One is the change of the osmotic pressure due to the 
difference of ionic concentrations between the inside and the outside hydrogels, which 
is the dominated driving source for swelling and bending deformations of the hydrogel 
strip. The increase of electric voltage results in the larger difference of the ionic 
concentration over the interfaces of the hydrogel. The ionic concentration differences 
cause differences of the osmotic pressures at the two interfaces of the hydrogel, which 
makes the hydrogel strip bent. As a result, the increase of electric voltage eV  makes 
larger average curvature aK , as shown in Figures 3.29-31. The other is the 
conformational change of crosslinked polymer chains due to the pH change in the 
hydrogel. The increase of pH within the hydrogel leads to the change of the carboxylic 
acid groups from R COOH−  to R COO−− . The change from weak polyelectrolyte 
to strong one means the increase of the electrorepulsive interaction between the 
carboxylic acid groups. Therefore, the conformation of the polymeric chains changes 
from the compact state to the expanded one, and then the hydrogel swells. A close look 
into the figures reveals that the significant increase of the equilibrium swelling and 
bending of the hydrogel in micro-scale occur in the range of solution pH=2.0 to 4.0, 
which is close to the dissociation constant of the hydrogel, 2.1apK = . The carboxylic 
groups at pH 4.0≥  are totally ionized, which may be the reason for the tiny increase 
of aK  in the range of pH=5.0 to 9.0. The predictions by the present simulations are 
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consistent with the experimental phenomena (Bajpai, 2001), in which it is reported that 
the local pH gradient attributed to water electrolysis may be additional factor to 
influence the bending deformation (Lam et al., 2006). 
Figures 3.20 and 3.21 are plotted for the coupled effect of the initially fixed 
charge density 0fc  and electric voltage eV  as well as solution pH on variation of the 
swelling ratio sR  with pH=4.0 and 0.4eV = V. It is shown from the figures that the 
swelling ratio sR  increases with the initially fixed charge density 
0
fc . The present 
simulation results qualitatively agree well with the experimental results (Fei et al., 
2002). 
 
3.5.3 Effect of Ionic Strength 
 
As promising materials for sensors, actuators and artificial muscles for 
biomedical engineering applications, the mechanical properties of pH-electric-sensitive 
hydrogels are particularly concerned. It is known that the mechanical force is 
generated by osmotic pressure, which is governed by the ionic transport through the 
system, and is affected by the hydrogel architecture (Chiarelli and Rossi, 1996; 
Carlson et al., 2003). In order to investigate the effect of the ionic strength I 
( 20.5 k k
k
I c z= ∗∑ ) on the bending deformation of the hydrogels, several simulations 
are conducted numerically with the input parameters for the MECpHe model, 
=8.314 J/mol KR ⋅ , 49.648 10F = × C/mol, T=298K, 120 8.854 10ε −= × C2/Nm2, 
80ε = ,  1fz = − , 2.110K −= mM, 0 0.8wφ = , 2400L = μm, 800h = μm, and the 
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Young’s modulus is equal to 3.0MPa.  
Figures 3.23 and 3.24 illustrate that the distributive profiles of the electric 
potential ψ  and fixed charge density fc  with coupled influences of solution pH and 
external electric voltage ( eV =0.16V) as well as ionic strength I =2.0, 4.0, 8.0 and 
16.0mM. It is found that as the ionic strength I  increases, the gradient of electric 
potential ψ  increases within the hydrogel, while the collapse of ψ  diminishes and 
the electric potential ψ  distributes linearly in the whole domain covering the 
hydrogel and bathing solution, especially at high ionic strength I. Theoretically, the 
higher ionic strength makes the mobile ions diffuse more into the hydrogel, then the 
conductivity of hydrogels is almost equal to that of surrounding solutions, which 
results in the electric potential ψ  quasi-linearly distribute in the whole domain. From 
Figure 3.24, it is known that the fixed charge density fc  and the corresponding 
gradient in the hydrogel increase with the ionic strength I. It is noted that the 
dissociation of carboxylic groups in the polymeric chains imparts ionic character to the 
hydrogels and affects the ion osmotic swelling pressure (Bajpai, 2001). In fact, the 
enhancement of the ionic strength I endows more to the increase of the concentration 
in the surrounding solution, relatively compared with the contribution to that in the 
hydrogels. This reduces the concentration differences of diffusive ions between the 
hydrogel-solution interfaces. The reduction of concentration differences decreases the 
osmotic pressure. It is also observed from the experimental swelling phenomena of 
polyelectrolyte gels that the osmotic pressure reduces ultimately the equilibrium 
swelling capacity of the hydrogels (Khare and Peppas, 1995). Thus the hydrogels 
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shrink. 
Figures 3.25-34 show that the coupled influences of solution pH and electric 
voltage eV  as well as initially fixed charge density 
0
fc  on the mechanical 
deformation of the stimuli-sensitive hydrogel. 
Figures 3.25(a)-(d) illustrate that the distributive profiles of displacement u  
with the coupled influences of solution pH and electric voltage ( eV =0.16V) as well as 
ionic strength I . The displacement u  decreases with increase of ionic strength. As 
mentioned above, the increase of I  will reduce the osmotic pressure and thus cause 
the hydrogel deswelling. However, the average curvature aK  increases with the 
enhancement of ionic strength. Figures 3.26(a)-(d) show the coupling influences of the 
solution pH, the electric voltage eV  and the solution ionic strength I on the hydrogel 
curvature aK , in which 10.0
s
fc = mM, the range of solution pH is from 1.0 to 9.0, the 
range of electric voltages eV  from 0 to 0.4V, and the different solution ionic strengths 
I =2.0, 4.0, 8.0 and 16.0mM, respectively. Figures 3.27-3.30 illustrate the influence of 
the ionic strength I on the average curvature aK  at pH=4.0 and eV =0.4V, respectively. 
It is observed that the average curvature aK  of the hydrogel increases with the 
externally applied voltage eV , namely the hydrogel gains larger equilibrium bending 
deformation at higher electric voltage eV . But the characteristics of the hydrogels in 
response to the solution pH are different. The average curvature aK  under the same 
electric voltage increases dramatically from pH=1.0 to 4.0. However, it gains the slight 
increment in the range of pH=5.0 to 9.0. The deformation of the hydrogel may be 
mainly driven by the change in the osmotic pressure (Shiga et al., 1992), which is 
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generated by the difference of ion concentrations between the interior hydrogels and 
exterior solution. The higher voltage results in the larger ionic concentration 
differences over the interfaces between the hydrogel and solution. The differences of 
ion concentration result in the difference of the osmotic pressures at the two sides of 
the hydrogel, which makes the hydrogel bent. Therefore, the higher voltage eV  gains 
the larger average curvature aK , as shown in the Figures 3.26(a)-(d). A numerical 
observation from the figures reveals that a significant increase in the equilibrium 
swelling and bending of the hydrogel occurs in the range of solution pH= 2.0-4.0, 
which is associated with the dissociation constant 2.1apK =  of the hydrogels. If the 
solution pH is larger than 4.0, the carboxylic groups may be totally ionized, which 
could be the reason for the tiny increase of aK  in the range of pH=5.0-9.0. The 
simulation results are consistent with the experimental phenomena (Bajpai, 2001). It is 
found from the four figures that, under the solution pH and externally applied electric 
voltage eV  coupled stimuli, the average curvature aK  of the hydrogel increases with 
the ionic strength I, in which the increment aK  is not linear and will be slow down 
with the ionic strength I. It is known that, with increase of the ionic strength of the 
system medium, the osmotic pressure decreases, and ultimately reduces the 
equilibrium swelling capacity of the hydrogels (Lam et al., 2006). However, the 
increase of the ionic strength (electrolyte concentration) induces the increase of mobile 
counterions diffusing into the hydrogel. Due to the fixed charge groups existing in the 
hydrogel subject to electric field, the redistribution of the counterions makes the larger 
difference of ionic concentrations at both the ends of the hydrogel, which enlarges the 
Chapter 3: Development of MECpHe Model for pH-Electric-Sensitive Hydrogels 
160 
difference of the osmotic pressures over the two interfaces between the hydrogel and 
the surrounding solution. Therefore, the bending deformation of the hydrogel increases 
further and the average curvature aK  increases as well. The influence of ionic 
strength I  may be weakened by the shielding effect of the fixed charge groups (Kim 
et al., 2004), and the average curvature aK  decreases gradually under higher ionic 
strength, as shown in Figure 3.29. The simulations agree well qualitatively with the 
published experimental studies (Kim et al., 2004a, 2004b). 
Figures 3.31-34 are plotted for the coupled effect of the ionic strength I  and 
electric voltage eV  as well as solution pH on the variation of swelling ratio sR  at 
pH=4.0 and 0.4eV = V, respectively. It is found that the swelling ratio sR  decreases 
with increment of the ionic strength I . In fact, the increase of ionic strength I  makes 
more contribution to the increase of the concentration in the surrounding solution, 
relatively compared with the contribution to that in the hydrogels. This reduces the 
concentration differences of diffusive ions between the hydrogel-solution interfaces, 
and thus it decreases the osmotic pressure, which causes the hydrogels shrinking. The 
details how ionic strength influences the pH sensitivity of the hydrogels will require 
more systematic investigation, particularly in the case of multivalent ions (Mao and 
McShane, 2006). 
 
3.5.4 Effect of Ionic Valence 
 
In order to gain further insight into the effects of various physical parameters 
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on the responsive behaviors of the hydrogels to the coupled stimuli of the solution pH 
and electric field, several simulations are carried out numerically with the input 
parameters required by the MECpHe model, =8.314 J/mol KR ⋅ , 
49.648 10F = × C/mol, T=298K, 120 8.854 10ε −= × C2/Nm2, 80ε = , * 4.0c = mM, 
0 10.0fc = mM, 1fz = − , 2.110K −= mM, 0 0.8wφ = , 2400L = μm, 800h = μm, and 
the Young’s modulus is 3.0MPa. The simulation results are illustrated as follows for 
the influence of the ionic valence | |kz  on the responsive distributions of the diffusive 
ionic concentrations kc , the electric potential ψ , the fixed charge density fc  and 
the mechanical deformation of hydrogel strip. 
Figures 3.35 and 3.36 show that the coupled effects of solution pH and external 
electric voltage ( eV =0.16V) as well as ionic valence ( | |kz =1, 2 and 3) on the 
distributive profiles of mobile cation and anion concentrations. It is noted that the 
distributive concentrations of diffusive cation species within the hydrogel reduces 
when || kz  increases. In fact, in order to maintain the electroneutrality within the 
hydrogel, the cations diffuse into the hydrogel to neutralize the fixed charges 
( 0 10.0fc = mM, 1fz = − ) on the network chains. Simply considering the ion-exchange 
process, it needs 10.0mM monovalent cations to neutralize the fixed charge on the 
chains. However, it needs 5.0mM divalent cations only. Therefore, when the 
surrounding solution is changed from monovalent electrolyte to bivalent or trivalent 
one, the concentration difference of diffusive cations decreases significantly between 
the hydrogel and solution, the variation of the concentration distributions is relatively 
small for the diffusive anions. This gives rise to the smaller osmotic pressure and then 
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makes the hydrogels shrinking. 
Figures 3.37 and 3.38 show that the distributive profiles of the electric potential 
ψ  and fixed charge density fc  with coupled influences of solution pH and external 
electric voltage ( eV =0.16V) as well as ionic valence ( | |kz =1, 2 and 3). It is found that 
as the ionic valence | |kz  increases, the gradient of electric potential ψ  increases 
within the hydrogel, while the collapse of ψ  diminishes and the electric potential ψ  
distributes linearly in the whole domain covering the hydrogel and bathing solution, 
especially at larger ionic valence. 
Figures 3.39-43 show that the coupled influences of solution pH and electric 
voltage eV  as well as ionic valence | |kz  on the mechanical deformation of the 
stimuli-sensitive hydrogel. 
Figures 3.39(a)-(c) illustrate the profile of displacement u  of the hydrogel 
strip. It is noted that, when the surrounding solution is changed from monovalent 
electrolyte to bivalent or trivalent one, the osmotic pressure decreases dramatically 
over the interface between the hydrogel and surrounding solution. Thus, the 
displacement u  of the hydrogel decreases, especially when monovalent electrolyte 
changes to divalent one, as shown in the figures.  
Figures 3.40-41 are plotted for the coupled effect of the ionic valence | |kz  
and electric voltage eV  as well as solution pH on the variation of the average 
curvature aK  at pH=4.0 and 0.4eV = V, respectively. It is found that the average 
curvature aK  increase slightly with increment of the ionic valence | |kz . However, it 
is found that the swelling ratio sR  decreases with increment of the ionic valence | |kz , 
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as shown in Figures 3.42 and 3.43. Similar results are also reported elsewhere (Horkay 
et al., 2001; Bajpai and Dubey, 2005). From the above study it can be concluded that 
presence of divalent ions in the intestinal fluid may cause a great volume transition in 




In this chapter, the equilibrium responsive behaviors of stimulus-sensitive 
hydrogels have been modeled and simulated subject to coupled stimuli of the solution 
pH and the externally applied electric field. The results obtained by the present 
MECpHe model agree well with published experimental data, both qualitatively and 
quantitatively. The influence of various physical parameters on the degree of swelling 
is investigated. Specifically, by increasing the externally applied electric voltage and 
the fixed charge density or by lowering the ionic strength of the solution, the swelling 
deformation can be improved.  
The MECpHe model can be used theoretically to explain the experimental 
phenomena of the distribution of ionic concentration, electric potential and network 
deformation. The developed model can predict numerically the distribution of diffusive 
ionic concentration in both the hydrogel and the surrounding solution, the distribution 
of electric potential in both the hydrogel and the surrounding solution, the degree of 
equilibrium swelling, the displacement and curvature of the pH-electric-sensitive 
hydrogels. The modeling and simulation work would be useful for design optimization 
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of the sensors/actuators, micro-fluidic valves and drug delivery systems based on the 
pH-electric-sensitive hydrogels.  






Figure 3.1  Computational flowchart of the developed MECpHe model. 
 




Figure 3.2 Schematic diagram for a hydrogel strip immersed in pH buffer solution 
subject to an externally applied electric field. 
 
 
Figure 3.3 Comparison of numerically computed results with experimental data
(Kim et al., 2004b). 
 




(a) 0eV =  (b) 0.08VeV =  
(c) 0.16VeV =  (d) 0.32VeV =  
Figure 3.4  Coupled effects of solution pH and external electric voltage eV  on 
distributive profiles of +Na . 
 
 




(a) 0eV =  (b) 0.08VeV =  
  
(c) 0.16VeV =  (d) 0.32VeV =  
Figure 3.5  Coupled effects of solution pH and external electric voltage eV  on 
distributive profiles of Cl− . 
 




(a) 0eV =  (b) 0.08VeV =  
(c) 0.16VeV =  (d) 0.32VeV =  
Figure 3.6  Coupled effects of solution pH and external electric voltage eV  on 
distributive profiles of electric potential ψ . 
 




(a) 0eV =  (b) 0.08VeV =  
  
(c) 0.16VeV =  (d) 0.32VeV =  
Figure 3.7  Coupled effects of solution pH and external electric voltage eV  on 
distributive profiles of fixed charge density fc . 
 




(a) 0eV =  (b) 0.08VeV =  
 
(c) 0.16VeV =  (d) 0.32VeV =  
Figure 3.8  Coupled effects of solution pH and external electric voltage eV  on 
distributive profiles of displacement u  of the hydrogel strip. 
 




Figure 3.9  Coupled effects of electric voltage eV and solution pH stimuli on 
variation of swelling ratio sR . 
 
 
Figure 3.10  Distribution of swelling ratio sR  of hydrogel strip responding to the 
coupled stimuli of solution pH and external electric field eV . 
 




Figure 3.11  Profile of curvature aK  of hydrogel strip responding to the coupled 
stimuli of solution pH and external electric field eV . 
 
 
Figure 3.12  Variation of curvature aK  of hydrogel strip responding to the stimulus 
of external electric field eV . 
 





Figure 3.13  Variation of swelling ratio sR  of hydrogel strip responding to the 
stimulus of external electric field eV . 
 
 




(a) 0 2.0mMfc =  (b) 0 4.0mMfc =  
 
(c) 0 8.0mMfc =  (d) 0 16.0mMfc =  
Figure 3.14  Distributive profiles of +Na  with coupled influences of solution pH 
and external electric voltage eV as well as initially fixed charge density 
0
fc  ( eV =0.16V). 




(a) 0 2.0mMfc =  (b) 0 4.0mMfc =  
(c) 0 8.0mMfc =  (d) 0 16.0mMfc =  
Figure 3.15  Distributive profiles of Cl−  with coupled influences of solution pH and 
external electric voltage eV  as well as initially fixed charge density 
0
fc
( eV =0.16V). 
 




(a) 0 2.0mMfc =  (b) 0 4.0mMfc =  
(c) 0 8.0mMfc =  (d) 0 16.0mMfc =  
Figure 3.16  Distributive profiles of electric potential ψ  with coupled influences of 
solution pH and external electric voltage eV  as well as initially fixed 
charge density 0fc  ( eV =0.16V). 
 




(a) 0 2.0mMfc =  (b) 0 4.0mMfc =  
(c) 0 8.0mMfc =  (d) 0 16.0mMfc =  
Figure 3.17  Distributive profiles of fixed charge density fc  with coupled influences 
of solution pH and external electric voltage eV  as well as initially fixed 
charge density 0fc  ( eV =0.16V). 
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(a) 0 2.0mMfc =  (b) 0 4.0mMfc =  
(c) 0 8.0mMfc =  (d) 0 16.0mMfc =  
Figure 3.18  Distributive profiles of displacement u  with coupled influences of 
solution pH and external electric voltage eV  as well as initially fixed 
charge density 0fc  ( eV =0.16V). 




Figure 3.19  Coupled effect of initially fixed charge density 0fc  and electric voltage 




Figure 3.20  Coupled effect of initially fixed charge density 0fc  and electric voltage 
eV  as well as solution pH on variation of swelling ratio sR  (pH=4.0). 




Figure 3.21  Coupled effect of initially fixed charge density 0fc  and electric voltage 
eV  as well as solution pH on variation of swelling ratio sR  (Ve=0.4V).
 
 
Figure 3.22  Coupled effect of initially fixed charge density 0fc  and electric voltage 
eV  as well as solution pH on variation of swelling ratio sR
( eV =0.4V). 




(a) 2.0mMI =  (b) 4.0mMI =  
(c) 8.0mMI =  (d) 16.0mMI =  
Figure 3.23  Distributive profiles of electric potential ψ  with coupled influences of 
solution pH and external electric voltage eV  as well as ionic strength I  
( eV =0.16V). 
 




(a) 2.0mMI =  (b) 4.0mMI =  
 
(c) 8.0mMI =  (d) 16.0mMI =  
Figure 3.24  Distributive profiles of fixed charge density fc  with coupled influences 
of solution pH and external electric voltage eV as well as ionic strength 
I  ( eV =0.16V). 
 




(a) 2.0mMI =  (b) 4.0mMI =  
 
(c) 8.0mMI =  (d) 16.0mMI =  
Figure 3.25 Distributive profiles of displacement u  with coupled influences of 
solution pH and external electric voltage eV  as well as ionic strength I
( eV =0.16V). 
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(a) 2.0mMI =  (b) 4.0mMI =  
(c) 8.0mMI =  (d) 16.0mMI =  
Figure 3.26   Coupling effect of ionic strength I  and electric voltage eV  as well as 
solution pH on variation of average curvature aK . 
 




Figure 3.27  Coupled effect of ionic strength I  and electric voltage eV  as well as 
solution pH on variation of average curvature aK  (pH=4.0). 
 
 
Figure 3.28  Coupled effect of ionic strength I  and electric voltage eV  as well as 
solution pH on variation of curvature aK  ( eV =0.4V). 
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Figure 3.29  Profile of average curvature aK  with Coupling influences of ionic 
strength I  and electric voltage eV  as well as solution pH (pH=4.0). 
 
 
Figure 3.30 Coupled effect of ionic strength I  and electric voltage eV  as well as 
solution pH on variation of swelling ratio sR  ( 0.4eV = V). 




Figure 3.31  Coupled effect of ionic strength I  and electric voltage eV  as well as 
solution pH on variation of swelling ratio sR  (pH=4.0). 
 
 
Figure 3.32  Profile of average curvature aK with Coupling influences of ionic 
strength I  and electric voltage eV  as well as solution pH (pH=4.0). 




Figure 3.33  Coupled effect of ionic strength I  and electric voltage eV  as well as 
solution pH on variation of swelling ratio sR  ( eV =0.4V). 
 
 
Figure 3.34 Profile of swelling ratio sR  with coupled effect of ionic strength I
and electric voltage eV  as well as solution pH on variation of 
( 0.4eV = V). 
 




(a) | | 1kz =  
 
(b) | | 2kz =  
Figure 3.35 Distributive profiles of cation with coupled influences of solution pH and 
external electric voltage eV  as well as ionic valence ( eV =0.16V). 
 




(c) | | 3kz =  
Figure 3.35  Distributive profiles of cation with coupled influences of solution pH 
and external electric voltage eV  as well as ionic valence ( eV =0.16V). 
 
(a) | | 1kz =  
Figure 3.36  Distributive profiles of anion with coupled influences of solution pH and 
external electric voltage eV  as well as ionic valence ( eV =0.16V). 
 




(b) | | 2kz =  
 
(c) | | 3kz =  
Figure 3.36  Distributive profiles of anion with coupled influences of solution pH and 
external electric voltage eV  as well as ionic valence ( eV =0.16V). 
 




(a) | | 1kz =  
 
(b) | | 2kz =  
Figure 3.37  Distributive profiles of electric potential ψ  with coupled influences of 
solution pH and  external electric voltage eV  as well as ionic valence 
( eV =0.16V). 
 




(c) | | 3kz =  
Figure 3.37  Distributive profiles of electric potential ψ  with coupled influences of 
solution pH and  external electric voltage eV  as well as ionic valence 
( eV =0.16V). 
 
(a) | | 1kz =  
Figure 3.38  Distributive profiles of fixed charge density fc  with coupled influences 
of solution pH and external electric voltage eV  as well as ionic valence 
( eV =0.16V). 
 




(b) | | 2kz =  
 
(c) | | 3kz =  
Figure 3.38  Distributive profiles of electric potential ψ  with coupled influences of 
solution pH and external electric voltage eV  as well as ionic valence 
( eV =0.16V). 
 




(a) | | 1kz =  
 
(b) | | 2kz =  
Figure 3.39  Distributive profiles of displacement u  with coupled influences of 
solution pH and external electric voltage eV  as well as ionic valence 
( eV =0.16V). 




(c) | | 3kz =  
Figure 3.39  Distributive profiles of displacement u  with coupled influences of 
solution pH and external electric voltage eV  as well as ionic valence 
( eV =0.16V). 
 
Figure 3.40  Coupled effect of ionic valence and electric voltage eV  as well as 
solution pH on variation of average curvature aK  ( 0.4eV = V). 
 




Figure 3.41  Coupled effect of ionic valence and electric voltage eV  as well as 
solution pH on variation of average curvature aK  (pH=4.0). 
 
 
Figure 3.42  Coupled effect of ionic valence and electric voltage eV  as well as 
solution pH on variation of swelling ratio sR  ( 0.4eV = V). 
 




Figure 3.43  Coupled effect of ionic valence and electric voltage eV  as well as 
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Chapter 4 
A Refined Multi-Effect-Coupling Electric-Stimulus (rMECe) 





From the theoretical point of view, the responsive mechanism of the 
electric-sensitive hydrogels is similar to that of the pH-sensitive hydrogels (Tanaka, 
1981). When an electric field is applied to the bath solution in which a hydrogel is 
immersed, mobile ions will redistribute in both the hydrogel and the surrounding 
solution. Due to the fixed charge groups bound to the crosslinked macromolecular 
chains, the diffusion gives rise to the ionic concentration differences between the 
interior hydrogel and exterior solution. Accordingly, an osmotic pressure is generated 
because of the concentration differences, which drives the swelling or shrinking of the 
hydrogel. The deformation of the hydrogel results in redistribution of the diffusive ions 
and fixed charge groups, which causes new ionic concentration differences and the 
hydrogel deforms again. This process will repeat until the increase of mechanical 
energy balances the decrease of the free energy of the system. This also explains the 
process how the chemical energy converts to the mechanical energy.  
Despite that many research efforts have been put into the experiment-based 
work over the past several decades, few of them involve the development of the 
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mathematical models for simulations of the responsive behaviors of 
environmental-sensitive hydrogels. Based on the previous work (Mow et al., 1980; 
Myers et al., 1984; Lanir, 1987; Eisenberg and Grodzinsky, 1987), Lai et al. (1991) 
proposed a triphasic mechano-electro-chemical theory for the responsive behaviors of 
hydrogel-like tissues. Although the theory explained explicitly the fixed charge density 
and diffusive ionic concentrations, it only partially accounts for the mechanical 
properties of the tissues and is not successful in simulating the physiochemical and 
electrochemical phenomena in the hydrogels, such as the ionic diffusion, mechanical 
expansion of solid matrix and the effect of the fixed charge groups on distribution of 
ionic concentrations. Later, Wallmersperger et al. (2001) used the finite element 
method to simulate the deformation of the electric-sensitive hydrogels subject to the 
externally applied electric field. However, the method by Wallmersopereger et al. 
assumed that the hydrogels undergo a small deformation under high electric voltage. In 
fact, the hydrogel could have large deformation when subjected to a high voltage and 
thus the model will become inadequate to account for the large deformation. Zhou et al. 
(2002) developed a model to simulate the equilibrium behaviors of the 
electric-sensitive hydrogels, including the distribution of the diffusive ionic 
concentrations and electric potential. It partially considers the steady-state behaviors of 
the hydrogel and the computational domain covers the hydrogel only in Zhou’s model, 
which limits its application. Therefore, more efforts are required to elucidate the 
response mechanism of the electric-sensitive hydrogels and attempt to expand the 
scope of their applications. 
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The purpose of the work presented in this chapter on modeling for the 
electric-sensitive hydrogels is threefold: 
1. to examine multiphysically how the equilibrium response of electric-sensitive 
hydrogels is triggered by externally applied DC electric voltage; 
2. to show the distributions of ionic concentrations and the electric potential as 
well as the fixed charge density across the domain of both hydrogel and 
surrounding solution; 
3. to evaluate the effects of several important conditions on the equilibrium 
behaviors of the electric-sensitive hydrogels. 
This chapter is organized as follows. By modifying the two previously 
developed models, the multi-effect-coupling pH-stimulus (MECpH) and 
multi-effect-coupling electric-stimulus (MECe) models, Section 4.2 presents a refined 
multi-effect-coupling electric-stimulus (rMECe) model, in which the governing 
equations are formulated and the boundary conditions are proposed. Section 4.3 
discritizes the rMECe model. Section 4.4 validates the model by comparison the 
simulation results with published experiments. Section 4.5 carried out several 
parameters studies of the important physical conditions. Finally, the concluded remarks 
on the model are drawn in Section 4.6. 
 
4.2 Development of The rMECe Model ― Refinements of MECe 
Model 
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4.2.1 Review of MECpH and MECe Models 
 
For simulations of the behaviors of the hydrogels responsive to the stimulus of 
solution pH or externally applied electric field, two mathematical models were 
developed, and termed the multi-effect-coupling pH-stimulus (MECpH) and 
multi-effect-coupling electric-stimulus (MECe) models, respectively. (Li et al., 2004 
and 2005) They are reviewed firstly and then used as a platform for the further 
refinement of a mathematical model. 
 
4.2.1.1 Review of Multi-Effect-Coupling pH-stimulus (MECpH) model 
The MECpH model is developed for simulation of the behavior of the 
responsive hydrogels stimulated by solution pH (Li et al., 2005). In this model, the 
convection-diffusion equations, Poisson equation and mechanical equation are coupled 
together to describe the chemical and electric fields as well as mechanical field, 
respectively. 
Based on the law of mass conservation, the change in the amount of the species 
k contained in the volume with respect to time t is given by the difference between the 
fluxes entering and leaving the reference volume. For simplicity of describing the flux 
of ionic species k in solution, the convective transport of the ionic species is neglected 
here. Thus, the Nernst-Planck type of the mass conservation is derived as 
   ( ) 0k k
c div
t
∂ + =∂ J  ( 1,2, , )k N= …  (4.1)
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[ ] ( ) ( ) (ln )kk k k k k k
z FD c c c
RT
ψ γ⎛ ⎞= − + +⎜ ⎟⎝ ⎠J grad grad grad   (4.2)
where kJ , [ ]kD , kc  and kz  are the flux (mM/s), the diffusivity tensor, the 
concentration (mM) and the valence number of the kth diffusive ionic species, ψ  is 
the electrostatic potential (V) and kγ  is the chemical activity coefficient, F, R and T 
are the Faraday’s constant 4106487.9( × C/mol), universal gas constant 
( KJ/mol 8.314 ⋅ ) and absolute temperature (K) , respectively. 
The three terms on the right hand side of the equation (4.2) represent the 
diffusive flux due to the concentration gradient, the migration flux due to the gradient 
of the electrical potential and chemical flux related to several semi-empirical equations 
developed to calculate the chemical activity coefficient. 
The diffusion coefficient kD  is determined by the Einstein relationship 
k kD RTυ=  (4.3)
where kυ  is defined as the mobility of the ionic species k. 
The Poisson equation can be used to describe the spatial distribution of the 
electric potential in the domain and it is given as 
2
0
k k f f
k
F z c z cψ εε
⎛ ⎞∇ = − +⎜ ⎟⎝ ⎠∑  (4.4)
where ε  is the relative dielectric constant of the surrounding medium, 0ε  is the 
vacuum permittivity or dielectric constant ( 2212 /NmC 108.85418 −× ) and fc  is the 
density of the fixed charged group in the hydrogel. It is observed that the 
electroneutrality and constant field hypotheses are in fact special cases of the Poisson 
equation. The electroneutrality assumption is applicable only when the concentrations 
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are high while the constant field hypotheses are valid for low concentrations. 
Based on the assumptions of electroneutrality conserved at any point in the 
solution and the global flow of all ions across the boundary yielding a null current, the 
Poisson equation is simplified, 
Null current:  0k k
k
z =∑ J   (4.5)
Electroneutrality in interior hydrogel: 0k k f f
k
z c z c+ =∑  (4.6)
Electroneutrality in exterior bathing solution: 0k k
k
z c =∑  (4.7)
As a relation between the concentrations of the ion species of interior and 
exterior hydrogels, the Donnan equilibrium condition can be used for computation of 
ionic concentrations within hydrogels according to the ionic concentrations of the 
dilute surrounding solution. The Donnan equilibrium condition for the dilute solution 























β   (4.8)
where β  is the Donnan partitioning ratio relating the ionic concentration ic  within 
the hydrogels to the external ionic concentration ic . 
The hydrogen ion is bound by the fixed charge attached on the network chains 
of hydrogels stimulated by solution pH. This process is similar to monolayer-absorbing 
of the identical surface which has a specific number of binding sites. The each binding 
site is assumed to absorb one molecule only, 
SMMS K +⎯→⎯  (4.9)
MSSM Ka⎯→⎯+  (4.10)
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where MS is the occupied fixed charge/site such as bHc  being the concentration of 
occupied fixed charge, M is mobile hydrogen ions such as Hc  being the concentration 
of mobile molecules including hydrogen ions, S is the unoccupied fixed charge/site 
such as bHm cc −0  being the concentration of unoccupied sites, fc  is the current 
concentration of membrane fixed charge group, 0mc  is the total concentration of 
ionizable groups in the hydrogel, K is dissociation constant and Ka is absorption 
constant. 
According to the Langmuir monolayer absorption isotherm, the dissociation 










]][[ 0 −==  (4.11)





⋅= 0  (4.12)













⋅−=−= 0000  (4.13)
Based on the definition of concentration, the total concentration of the 
ionizable groups in the hydrogel in the relaxed state, smc 0 , and the current 



















0 ===  (4.15)
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where n is the moles of fixed-charge group, sV  and wV  are the volumes of dry gel 
and intramembrane fluid respectively, V  is current total volume ( ws VVV += ) and 
H is local hydration of the hydrogel ( s
w
V
VH = ). 
Therefore a relation between the fixed charge and diffusive hydrogen ion can 
be developed, whereby the concentration of the fix charged group is calculated as a 









where fc  and fz  are the concentration and the valence of the fixed charge groups 
on the polymer chains, for example, 1−=fz  if the carboxylic acid groups are used as 
the fixed charges on the polymer chains. K is the dissociation constant of the 
carboxylic acid groups, smc 0  is the total concentration of the ionizable groups within 
the hydrogel in the relaxed state, Hc  is the concentration of hydrogen ions H
+  
within the hydrogel and H is the local hydration of the hydrogel. 
For simulation of the mechanical deformation of the hydrogels stimulated by 













where ρ  is the mass density, t is the time variable and u is the displacement of the 
solid phase, f represents the viscous damping coefficient between the solvent and 
solid-phase network, ijσ  is the total stress tensor of the interior hydrogel, and ib  is 
the body force that is not of interest in present work. Further, it can be shown that the 
stress contributions in the hydrogels arisen from two main sources, namely the 
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mechanical elastic restoring stress tensor exerted by the solid-phase network 
ijrestoringelastic
F −  (Pa), and the osmotic pressure osmoticP  (Pa), hence the equation (4.17) 














where osmoticP  is the osmotic pressure and is calculated according to the concentration 





where 0kc  is the concentration of the k
th ion species in the stress-free state and kc  the 
concentration of kth ion species within the hydrogel at the swelling state. 
For a one-dimensional steady-state case, by substituting the equation (4.19) 
into the equation (4.18), the linear-elastic equilibrium equation which describes the 


























where λ  and μ are the Lamé coefficient of the solid matrix. 
 
4.2.1.2 Review of Multi-Effect-Coupling electric-stimulus (MECe) model 
The MECe model is developed to simulate the chemo-electro-mechanical 
coupled behaviors of responsive hydrogels immersed in a bath solution subject to an 
externally applied electric field (Li et al., 2004). 
The MECe model is based on the triphase mixture theory (Lai et al., 1991). The 
hydrogel is assumed to consist of the solid phase, interstitial water phase and ion phase. 
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When an electric field is applied to the solution, ions flow, diffuse and redistribute 
within the hydrogels and surrounding solution, which is charactered by 
convection-diffusion equations and the Poisson equation, 
, , , , ,( ) ( ) ( )k kk k i i k k i i k k i
Fz cD c D c c
RT t
ψ ν∂+ = +∂  ( 1,2, , )k N= " (4.21)
2
0
( )k k f f
k
F z c z cψ ε ε∇ = − +∑  (4.22)
















where 0fc  is the fixed charge density at reference configuration and 
w
0φ  is the 
volume fraction of the water phase at reference configuration (Lai et al., 1991). 
Because of the effect of fixed charge groups attached to the polymer chains of 
the hydrogels, the differences in ionic concentrations occur at the interface between the 
hydrogels and surrounding solution. It gives rise to osmotic pressure, which drives the 
deforming of hydrogels. The mechanical displacement of hydrogel is governed 
simultaneously by momentum and continuity equations 
0=⋅∇ σ  (4.24)
tr( ) 2s sp Eσ λ μ= − + +I E I  (4.25)
2( )[ ( (1 ) tr( ))]
s w
k k k k
w
k kws
u p RT c F z c B
t f
φ φ ψ∂∇ = ∇ ∇ + ∇ − + ∇ + ∇∂ ∑ ∑ E  (4.26)
where s, w and k denote the solid matrix, interstitial water and ion phase, φ  is the 
volume fraction, E  is the elastic strain vector of the solid phase, p is osmotic pressure, 
and wB  coupling coefficient. 
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4.2.2 Refinements of MECe Model 
 
Compared with the mathematical models mentioned in the literature survey, the 
MECpH model described above has several advantages. Firstly, the computational 
domain covers both the hydrogel and exterior bathing solution, and the model is able to 
demonstrate the distributions of concentrations of all diffusive ionic species, electric 
potential in both the hydrogels and surrounding solution simultaneously. Secondly, it 
takes account for the electrical coupling of various ionic fluxes into the Poisson 
equation and easily incorporates multiple species of ions. Finally, the model is in more 
concise form and readily applicable for numerical implementation as compared with 
other models and also achieves good agreement between the experimental data and 
simulation results. 
Despite the progress gained in the MECpH model, it still has some limitations. 
Firstly, it is assumed in the MECpH model that the fixed charge density is constant 
within the hydrogel. The effect of externally applied electric field on fixed charge can 
not be incorporated into the MECpH model. However, the fixed charge density is in 
fact affected by the externally applied electric field and it should have a gradient 
distribution as the free mobile ions do. Secondly, the mechanical equation of the 
MECpH model can be used only for analysis of small deformation. Experiments show 
that a high electric voltage may drive the hydrogel to swell drastically or to deform 
very large (Kim et al., 2003). Due to the hydrogel undergoing large deformation, the 
difference between the initial configuration and the deformed configuration can not be 
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neglected as is done in the MECpH model. 
In order to overcome the limits mentioned above, the MECpH model is refined 
in this chapter by the two revisions. The first is to reformulate the fixed charge density 
for including the effect of externally applied electric field on the distribution of fixed 
charge density. The second is to approach better to the true situation for the hydrogel 
undergoing large deformation. 
 
4.2.2.1 Reformulating the fixed charge density 
The first revision is based on the triphasic theory referred in the MECe model, 


























w φφ  (4.29)
where s0φ  is the volume fraction of the solid phase at reference configuration and E is 
the elastic strain vector of solid phase. 
Compared with sφ and wφ , kφ is infinitesimal, then the saturation equation 
can be rewritten as follows, 
1≈+ ws φφ  (4.30)
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w φφ  (4.31)
Substituting the equation (4.31) into the equation (4.27), the formulation of 








/)tr(1 φE+=  (4.32)
 
4.2.2.2 Approach of finite deformation theory 
The second revision is to account for the large deformation that the hydrogel 
undergoes when immersed into the solution subject to externally applied electric field.  
As mentioned above, the previous MECpH model assumes that the hydrogels undergo 
small mechanical deformation and then is solved by the linear theory of elasticity. The 
momentum equation for the MECpH model are thus given as 
0=+⋅∇ bσ   in Ω  (4.33)
EIEI ssosmoticp μλσ 2)tr( ++−=  (4.34)
gu =  in gΓ  (4.35)
hn =⋅σ  in hΓ  (4.36)
where σ  is the Cauthy stress tensor, b is the body force vector, osmoticp  is the 
osmotic pressure, sλ  and sμ  are the Lame coefficient of solid matrix, u is the 
displacement vector, g is the specified displacement vector on the boundary portion 
gΓ , h is the surface traction vector on the boundary hΓ , n is the unit outward normal 
vector and I is the identity tensor. In present studies, the body force is neglected, and 
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the equation (4.33) is reduced to, 
0=⋅∇ σ  in Ω  (4.37)
In the coupled chemo-electro-mechanical analysis of the electric-stimulus 
responsive hydrogels, when the applied electric voltage is high, the hydrogels will 
undergo large deformation, in which the linear theory may produce inaccurate results, 
the difference between the initial (reference) and deformed configurations can not be 
neglected as it is done for analysis of linear elasticity in the MECpH model. 
For geometrically nonlinear analysis, the governing equations for large 
deformation using a total Lagrangian description are given as follows, 
0∇⋅ =P  in Ω  (4.38)
=u G  in gΓ  (4.39)
⋅ =P N H  in hΓ  (4.40)
where P is the first Piola-Kirchhoff stress tensor, u is the displacement vector from the 
initial configuration X to the deformed configuration x, G is the specified displacement 
vector on the boundary portion gΓ , H is the surface traction vector on the boundary 
hΓ , N is the unit outward normal vector. These variables are described in initial 
configuration X. 
The first Piola-Kirchhoff stress tensor P is a kind of expatriate, living partially 
in the deformed (current) configuration x and partially in the reference configuration X 
(where = +x X u ), and is unable to measure. For this reason and because of the 
absence of symmetry in the first Piola-Kirchhoff stress tensor P, it is seldom used in 
constitutive equations. However, the second Piola-Kirchhoff stress tensor S is 
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symmetric and is often used as the stress measure, and then the second Piola-Kirchhoff 
stress tensor S is chosen to analyze the large deformation. The relationship between the 
first Piola-Kirchhoff stress tensor P and the second Piola-Kirchhoff stress tensor S is 
given as follows, 
T=P SF  (4.41)
where F  is the deformation gradient tensor and defined as, 
= +∇F I u  (4.42)
The second Piola-Kirchhoff stress tensor S is given by, 
osmoticp= −S CE I  (4.43)
Where C  the material tensor and E is is the Green-Lagrangian strain tensor that is 
used as the strain measure, 
T1 ( )
2
= −E F F I  (4.44)
Substituting the equations (4.41) and (4.43) into the equation (4.38), the 
governing equation for large deformation can be written as follows 
T[( ) ] 0osmoticp∇⋅ − =CE I F  (4.45)
So far the full governing equations of the refined model are completed. For the 
one-dimensional special case, the rMECe model consists of the Nernst-Planck 
convection-diffusion equation for ion concentration, Poisson equation for the electric 
potential, and nonlinear mechanical equation for the large displacement of hydrogels, 
namely 
[ ] grad( ) grad( ) 0kk k kz Fdiv D c cRT ψ
⎧ ⎫⎛ ⎞− + =⎨ ⎬⎜ ⎟⎝ ⎠⎩ ⎭  (4.2)




k k f f
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3( 2 )[ 3 ( ) ] 0
2
osmoticdpd u du d u du d u
dX dX dX dX dX dX
λ μ+ + + − = (4.45)
In this study, only one-dimensional simulations are conducted. Two kinds of 
boundary conditions are required at the solution ends (electrodes) and the 
hydrogel-solution interfaces, respectively, as shown in Figure 4.2. The first is the 
Dirichlet boundary conditions for the ionic concentrations and electric potential 




eAnode V5.0=ψ  and eCathode V5.0−=ψ  (4.47)
where *c is the initial ionic concentration of the bath solution and eV  is the externally 
applied electric voltage. 
Another boundary conditions is to assign the values of the fluid pressure and 
hydrogel displacement at the hydrogel-solution interfaces. Based on the assumption 
that, in equilibrium state, the chemical potentials of water and ion phase within the 
hydrogels must be equal to those outside the hydrogels, the boundary conditions of the 
fluid pressure at the hydrogel-solution interfaces are thus given as 
0( )
in interface out interface
interface k k
k
p RT c c p− −= − −∑  (4.48)
where in interfacekc
− are the ion concentrations within the hydrogels near the interfaces, 
out interface
kc
−  are the ion concentrations within exterior solution near the interfaces, and 
0p  denotes the fluid pressure at reference configuration. 
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In addition, the two boundary conditions of mechanical deformation of the 
hydrogel are imposed on both the ends a and b of the hydrogel, as shown in Figure 4.2, 




u = =  (at the left end a of the hydrogel strip) (4.49)
where hydrogelX  is defined as the coordinate within the hydrogel domain only.  
Because of the zero stress on the surface of the hydrogel, 
interface
(3 2 )
hydrogel gelX L s s
pdu
dx λ μ= = +  (at the right end b of the hydrogel strip)     (4.50)
in which gelL  denotes the length of the hydrogel. 
Solving the rMECe model will face several mathematical challenges such as 
the mixed energy domains expressed by the coupled nonlinear partial differential 
equations, the moving boundaries and the localized high gradients over the 
hydrogel-solution interfaces. To solve the coupled equations, the Hermite-cloud 
method mentioned in Chapter 1 is employed here for simulation of the responses of the 
electric-stimulus-responsive hydrogel. By the computational flowchart of numerical 
technique, illustrated in Figure 4.1, the Nernst-Planck equations (4.2) and Poisson 
equation (4.4) are discretized first into a set of nonlinear algebraic equations, which are 
subsequently solved by the Newton’s iterative technique to obtain the converged ionic 
concentrations kc  and electric potential ψ . Substituting the converged ionic 
concentrations into the mechanical equilibrium equation (4.45), the corresponding 
hydrogel displacement u is computed. As the hydrogel deforms, the fixed charge 
density fc  is redistributed within the hydrogel and computed by the equations (4.32). 
The redistributed fc  is used as input for next iterative computation for solution of the 
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Poisson-Nernst-Planck equations again. In this way, the iterations are carried out 
continuously until the convergence of the hydrogel displacement u  is achieved. 
 
4.3 Discritization of rMECe Model 
 
For computational convenience, a set of non-dimensional variables is defined 
as, 
refL
xx = , 
refL
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The non-dimensional form of partial differential governing equations of the 
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The non-dimensional osmotic pressure equation is given as 
01 ( )k kosmotic
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Finally, the discrete form of the non-dimensional 1-D steady-state partial 
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where np is the number of the scattered points in the whole domain covering the 
hydrogel and surrounding solution, and npGel is that within the hydrogel domain only. 
 
Chapter 4: Refinement of MECe Model for Electric-Sensitive Hydrogels 
219 
4.4 Comparison with Experiment 
 
For examination of the rMECe model, a comparison of simulating results is 
conducted numerically with the experimental data (Zhou et al., 2002) for a given 
hydrogel strip with positive fixed charge groups. The experimental parameters used as 
input data in simulation include 3145.8=R J/mol⋅K, 410648.9 ×=F C/mol, T=278K, 
12
0 10854.8
−×=ε C2/Nm2, 80=ε , 5.5* =c mM, 200 =fc mM, 1+=fz , 
12.023 =+ ss μλ MPa, 0 0.8wφ = , the hydrogel strip thickness 1=h mm, and the 
one-dimensional computational domain 20=L mm. In general, freely mobile ions 
diffuse between the porous hydrogel and surrounding solution, if the polyelectrolyte 
hydrogel is immersed in a bath solution. When an electric field is applied to the bath 
solution, the diffusive ions will redistribute in the hydrogels and surrounding solution. 
Due to presence of the fixed charge groups, the diffusion gives rise to the difference in 
ionic concentrations between the interior hydrogel and exterior solution, which results 
in the osmotic pressure that drives the swelling or shrinking of the hydrogel. The 
deformation of the hydrogel leads again to the redistributions of the diffusive ions and 
fixed charge groups, which causes subsequently the ionic concentration difference and 
the hydrogel deformation again. Finally, the recurrent kinetics stops until the system 
reaches an equilibrium state. 
The comparison is presented in Figure 4.3, where an average curvature aK  for 
measurement of the hydrogel deformation is defined as 1 2 1 22( ) /[ (2 )]aK e e h e e= − + +  
( 1e  and 2e  are the strains of the hydrogel strip at the two ends of the computational 
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hydrogel domain) at the middle point of hydrogel thickness. It is observed from the 
figure that the average curvature aK  increases linearly when the applied voltage eV  
is small. If eV  is below 2V, the average curvatures aK  computed by both the linear 
and nonlinear elastic theories agree well with the experimental data. However, with 
increasing the applied voltage eV , the average curvatures aK  obtained by the 
nonlinear elastic theory is much better than that by the linear one. One of the reasons 
may be that the deformation of the electric-sensitive hydrogels is characterized by 
many effects, such as the applied electric voltage, fixed charge group, electrolyte 
composition, ionic diffusion and convection, chemical reactions, temperature and heat 
conduction. However, the effects of chemical reactions, temperature and heat 
conduction are neglected here to simplify the present rMECe model with several 
assumptions: (a) the hydrogel is isotropic and macroscopically homogeneous, (b) all 
the three phases are incompressible, including the polymeric solid matrix, interstitial 
water and mobile ions, (c) effect of electro-osmosis is neglected, (d) bath solution is 
ideal so that the variation of the activity coefficients with ionic strength can be 
negligible, i.e., its effect on the concentration profiles is negligible, (e) the smart 
hydrogel is immersed in an unstirred solution in vibration-free experimental device. 
The bulk flow of fluid or hydrodynamic velocity can thus be eliminated and 
subsequently the convective flux is neglected, and (f) the pore of the present hydrogel 
is narrow enough so that the diffusion dominates the transmission of flux. When the 
applied electric voltage eV  is low such as below eV =2V, the computational accuracy 
of the rMECe model is sufficient even if the linear elastic deformation theory is used in 
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the mechanical equilibrium governing equation. However, with increasing the electric 
voltage eV  such as above eV =2V, the coupled nonlinear effects of the physical 
parameters mentioned before become more and more significant, and then the 
nonlinear elastic deformation theory has to be employed. Anyway, Figure 4.3 shows a 
very good agreement in the comparison between the computation and experiment, 
which validates the rMECe model suitable for simulation of the electric-sensitive 
hydrogels. 
 
4.5 Simulations and Discussions 
 
4.5.1 Effect of Electric Voltage 
 
In order to further understand the influences of several key physical parameters 
on the responsive distribution of electric potential and fixed-charge density for the 
hydrogels subject to electric stimulus, the simulations are carried out with the input 
parameters as KJ/mol3145.8 ⋅=R , C/mol10648.9 4×=F , K298=T , 1−=fz , 
80=ε , 22120 /NmC10854.8 −×=ε , MPa12.023 =+ ss μλ , 0 0.8wφ = . In the present 
discussion, the influences of the externally applied electric voltage eV , are studied in 
details on the distribution of ionic concentrations, electric potential ψ , fixed-charge 
density fc , displacement u  and curvature aK  of the hydrogel strip. 
It is known that the electroneutrality exists in the bath solution and the hydrogel 
strip with the fixed charge groups. When the initially fixed charge density 
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0.20 =fc mM, the concentration of the bath solution 0.1* =c mM at pH=7.0, 
10=L mm, and 2=h mm, the distributions of the diffusive ionic concentrations are 
simulated and shown in Figure 4.4, where no external electric field is applied, i.e. 
0eV = . It is observed from the figure that the electroneutrality condition is obeyed in 
the bath solution and the hydrogel strip with the fixed charge groups. The 
concentrations of the diffusive ionic species are distributed uniformly and 
symmetrically in the system. This results in a uniform swelling of hydrogel strip 
without bending deformation. However, once an electric field is applied, the 
concentration of diffusive ionic species is no longer uniform in the hydrogels and bath 
solution. Figure 4.5 demonstrates the distributions of the diffusive Na+  and Cl−  
concentrations when the electric voltage is applied at eV = 0.04V. Due to the voltage 
applied, the distributions of the diffusive ion concentrations are no longer symmetrical, 
resulting in the nonzero gradient of the concentration distributions. It is also seen from 
Figure 4.5 that the difference of ionic concentrations at the hydrogel-solution 
interfaces between the interior hydrogel and exterior bath solution near the anode is 
larger than that near the cathode. Actually the boundary layers of ionic concentration 
over the hydrogel-solution interfaces should be in the Debye-length scale. There is a 
large boundary layers of ionic concentration obtained in the present simulations, which 
is an imperfection of the rMECe model developed in this study. They result from the 
limitation of the computational capability of the rMECe model as a macroscopic 
continuum model. However, the computational approximation caused by the 
imperfection is acceptable, especially in the domain far away from the 
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hydrogel-solution interfaces (Doi et al., 1992). Furthermore, a potential approach to 
overcome the limitation is a high performance computational technique called the 
multi-scale algorithm, in which the authors will move in the future work. It is also 
noted that the present hydrogel is assumed to be charged negatively. When the electric 
field is applied, the mobile cations transport from anode region to cathode one until the 
equilibrium state is achieved (Doi et al., 1992). Therefore, the Na+  concentration 
increases at the hydrogel edge near the cathode, and decreases at the hydrogel edge 
near the anode. When the electric current is constant in equilibrium state, one can 
assume that the electroneutrality conserves at every local point in the solution and the 
global flow of all ions across the boundary yields a null current. As a result, the Cl−  
concentration also increases at the hydrogel edge near the cathode and decreases near 
the anode. With increasing the distance from the cathode, the concentrations of the 
diffusive ionic species decrease within the hydrogels. The simulated results shown in 
the Figure 4.5 agree well with the experimental phenomena (Doi et al., 1992). In brief, 
the externally applied electric voltage has effect directly on the distributions of ion 
concentrations. If no electric voltage is applied, the diffusive ion concentrations are 
distributed uniformly in the hydrogels and surrounding solution. However, the 
gradients of ion concentration distributions will be nonzero once an electric voltage is 
applied. The gradients are relatively small or shallow when the applied voltage is low, 
and they increase responsively with the voltage. The simulations are consistent with 
experimental observation (Kim and Shin, 1999). 
For the following discussions, the simulations are conducted to investigate the 
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influences of the externally applied electric voltage ( eV =0, 0.1, 0.2 and 0.3V) on the 
ionic concentrations of the diffusive species, the electric potential, the fixed-charge 
density and the hydrogel displacement, with the input parameters as, T=298K, 
0
fc =4.0mM, 1−=fz , 1=kz , *c =2.0mM, L=10mm, and h=2mm. 
Figures 4.6 and 4.7 are plotted to discuss the influence of the externally applied 
electric voltage eV  on the distributions of diffusive ionic concentrations. It is 
observed that the concentrations of the two mobile ionic species, Na+  and −Cl , 
distribute symmetrically in whole domain, if no electric field is imposed eV =0. After 
applying the electric voltage eV  and then increasing eV , the concentrations of the two 
mobile ionic species over the hydrogel-solution interface near the cathode increase, 
and the concentrations decrease near the anode. The gradients of the ionic 
concentrations increase within the hydrogels. It is also found that the distance between 
the two hydrogel-solution interfaces enlarges with increasing eV , meaning the 
swelling of the hydrogel strip. The simulating results illustrated in Figures 4.6 and 4.7 
also agree well with the theoretical analysis mentioned above. The present simulations 
of the hydrogel swelling qualitatively agree well with the published experiments 
(Homma et al., 2000; Fei et al., 2002). 
Figures 4.8 and 4.9 are plotted for analysis of the influence of the externally 
applied electric voltage eV  on the distributions of electric potential ψ  and 
fixed-charge density fc  for the hydrogel. It is seen from Figure 4.8 that the gradient 
of electric potential ψ  increases with the externally applied voltage eV , and the 
gradient variation of electric potential ψ  distributed within the hydrogels is smaller 
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than that in the surrounding solution because of the higher conductivity of the mobile 
ions within the hydrogels. It is also seen from Figure 4.9 that the fixed-charge density 
fc  decreases when the electric voltage eV  increases, and there is an increasing 
gradient in the asymmetrically distributive profile of the fixed-charge density fc . It is 
known that the effect of an electric field on the polyelectrolyte hydrogels is related to 
the dissociation of the acidic or basic moiety, motion and the redistribution of mobile 
charged species (Tanaka et al., 1982). There are generally three competing forces 
acting on the ionic polymeric network. They are the rubber elasticity, the 
polymer-polymer affinity and the ion pressure. The charged groups on the hydrogel 
polymeric chains and the mobile ions both inside and outside the hydrogel may be the 
main contributors to the change in the swelling and/or bending of the hydrogels 
(Shahinpoor, 1995). When an electric field is applied to the negatively charged 
hydrogel in the bath solution, the counterions (sodium ions) in the gel move toward the 
cathode. In the presence of higher electrolyte concentration in solution, more 
counterions enter the hydrogel than those migrate from the hydrogel to the cathode. 
With increment of the applied voltage eV , the diffusive ionic concentrations over the 
hydrogel-solution interface decrease near the anode, but increase near the cathode. 
This amplifies the concentration difference of the diffusive ions between the 
hydrogel-solution interfaces. The osmotic pressure increases at the side near anode, but 
decreases at the side near cathode. The swelling is more significant at the hydrogel side 
near the anode. Consequently, the difference of the osmotic pressure occurred in the 
hydrogel makes the hydrogel strip bent toward the cathode and swelling (Shiga et al., 
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1992; Kim et al., 2003b). Thus the fixed charge group redistributes in the hydrogel and 
the corresponding density fc  decreases. The discussions based on the simulation are 
qualitatively consistent with experimental phenomena (Homma et al., 2000; Fei et al., 
2002). 
Figure 4.10 is presented for analysis of the influence of the externally applied 
electric voltage eV  on the distribution of the displacement u of the hydrogel. It is 
known from the figure that the displacement u of the hydrogel increases with the 
applied voltage eV , especially the displacement u of the hydrogel increases 
nonlinearly when the applied voltage eV  becomes higher. Therefore, the 
electric-sensitive hydrogel under externally applied electric voltage can gain great 
axial deformation and enhance the mechanical strength. It is also seen that the 
distribution of the displacement u is linear at low voltage eV , and becomes nonlinear 
at high eV . The present simulating results are good consistent with the experimental 
phenomenon reported by Shiga and Kurauchi (1990) for study of deformation of ionic 
polymer gels under electric field. The numerical results demonstrate that the hydrogel 
is a suitable candidate for powerful actuator and artificial muscles for BioMEMS 
application. 
Figure 4.11 is plotted for analysis of the influence of the externally applied 
electric voltage eV  on the curvature aK  of the hydrogel strip. It is observed that the 
hydrogel displacement increases with the applied voltage, and the increment becomes 
increasingly nonlinear as the voltage is correspondingly increased. It is also seen that 
the distribution of the hydrogel displacement is linear at the low voltage, and gradually 
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becomes nonlinear at the higher level.  
 
4.5.2 Effect of Initially Fixed Charge Group Density 
 
In order to further understand the influences of various physical parameters on 
the responsive deformation of the hydrogels subject to electric stimulus, several 
simulations are carried out with the input parameters as 3145.8=R J/mol⋅K, 
410648.9 ×=F C/mol, 298=T K, 120 10854.8 −×=ε C2/Nm2, 80=ε , 
12.023 =+ ss μλ MPa, 1−=fz . In this section, the influences of the initially fixed 
charge density 0fc  and the externally applied electric field eV  are discussed on the 
distribution of diffusive ionic concentrations, the electric potential ψ , fixed-charge 
density fc  and the displacement u of the electric-sensitive hydrogel. The coupled 
influences of the electric voltage eV , initially fixed charge density 
0
fc  and hydrogel 
strip thickness h are also studied in detail on the hydrogel curvature aK . 
Figures 4.12 and 4.13 demonstrate the influence of the initially fixed charge 
density 0fc  on the distribution of diffusive ionic concentrations, when eV =0.12V, 
0.1* =c mM, || kz =1, 10=L mm, 2=h mm, 0.20 =fc , 3.0, 4.0, 5.0 and 6.0mM, 
respectively. It is shown from Figure 4.12 that, as the initially fixed charge density 0fc  
increases linearly, the concentrations distributions of the cation Na+  increase rapidly 
within the hydrogels, and the increase of the distance between the two 
hydrogel-solution interfaces reveals the hydrogel strip swelling. It is found from Figure 
4.13 that the influence of the initially fixed charge density 0fc  on the distribution of 
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Cl−  concentration is relatively smaller than those on the cation Na+ concentrations. 
Probably the reason is that the negative fixed-charge groups ( 1−=fz ) attached onto 
the polymeric network chains attract the mobile cation Na+  to compensate the 
electric potential for electroneutrality within the hydrogel. The concentrations of the 
cation within the hydrogels increase obviously with increase of the initially 
fixed-charge density 0fc , which makes main contribution into the increment of the 
ionic concentration differences between the hydrogel-solution interfaces. Similarly, 
this leads to the increase of osmotic pressure and then causes the swelling of the 
hydrogel. The simulated results are confirmed by the experimental phenomena (Fei et 
al., 2002). 
Figures 4.14 and 4.15 demonstrate the influence of the initially fixed charge 
density 0fc  on the distributions of the electric potential ψ  and fixed-charge density 
fc  for the electric-sensitive hydrogel, when eV =0.12V, 0.1
* =c mM, || kz =1, 
10=L mm, 2=h mm, 0.20 =fc , 3.0, 4.0, 5.0 and 6.0mM, respectively. It is shown 
from Figure 4.14 that, as the initially fixed charge density 0fc  increases linearly, the 
gradient of electric potential ψ  distributed within the hydrogels becomes smaller, 
compared with that in the surrounding solution. It is also found from Figure 4.15 that 
the fixed charge density fc  increases almost linearly. It is known that the cations H
+ 
and Na+ concentrations within the hydrogels increase obviously with the increase of 
the initially fixed-charge density 0fc , which is one of main contributions into the 
increase of the ionic concentration differences between the hydrogel-solution 
interfaces. The more mobile ions diffuse into the hydrogel and then the higher 
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conductivity is achieved, which results in the smaller gradient of electric potential ψ . 
This enlarges alike the osmotic pressure and the hydrogel swells. At equilibrium state, 
the redistributed fixed charge density fc  is smaller than the initially fixed charge 
density 0fc . Similar experimental phenomenon has been reported (Kim et al., 2003), in 
which the HA-PVA IPN hydrogel with higher HA content as fixed charge groups 
exhibits deswelling much more. The reason may be that the initially fixed charge 
density on the crosslinking networks affects the mechanical properties of a polymer, 
such as the Young’s modulus and ultimate tensile strength of the hydrogel. 
Figure 4.16 demonstrates the influence of the initially fixed charge density 0fc  
on the hydrogel displacement u, when eV =0.12V, 0.1
* =c mM, || kz =1, 10=L mm, 
2=h mm, 0.20 =fc , 3.0, 4.0, 5.0 and 6.0mM, respectively. It is shown from the figure 
that, as the initially fixed charge density 0fc  increases linearly, the hydrogel 
displacement u increases rapidly, and the displacement distributions remain linear. 
In order to investigate the influences of the electric voltage eV  coupled with 
initially fixed charge density 0fc  on the hydrogel curvature aK , Figure 4.17 is 
illustrated for different electric voltages eV = 0.08, 0.16 and 0.32V, and Figure 4.18 for 
different initially fixed charge densities 0fc =2.0, 4.0, 8.0 and 16.0mM, when 
0.2* =c mM, 1=kz , 5=h mm, 15=L mm. For a given initially fixed charge 
density 0fc , as the externally applied electric voltage eV  increases, the differences of 
the ionic concentrations and electric potential increase between the hydrogel strip and 
bathing solution. This will enlarge then the bending deformation and the corresponding 
average curvature aK  increases drastically. The relation between the average 
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curvature aK  and initially fixed charge density 
0
fc  becomes more and more 
nonlinear with increase of electric voltage eV . For a given applied voltage eV , the 
average curvature aK  increases with the initially fixed charge density 
0
fc . Figure 
4.19 shows the coupled influence of externally applied electric voltage eV  and 
hydrogel strip thickness h on the average curvature aK  for eV =0.04, 0.20, 0.40 and 
0.80V, respectively, where 100 =fc mM, 0.1* =c mM, 1=kz , 15=L mm. As 
expected, the average curvature aK  of the hydrogel strip decreases rapidly with 
increasing thickness h, especially when electric voltage eV  is higher. The present 
simulations are in good agreement with the experimental phenomena (Homma et al. 
2000, 2001, Sun and Mak 2001, Fei et al. 2002). 
 
4.5.3 Effect of Ionic Strength 
 
For further understanding of the influences of various physical parameters on 
the ionic transport and responsive distribution of diffusive ionic concentrations when 
the hydrogel is subjected to electric stimulus, several simulations are made with the 
input parameters as 3145.8=R J/mol⋅K, 410648.9 ×=F C/mol, 298=T K, 
12
0 10854.8
−×=ε C2/Nm2, 80=ε , 12.023 =+ ss μλ MPa, 1−=fz . In this 





1 ) is discussed 
on the equilibrium response of the electric-sensitive hydrogel. 
To study the influence of ionic strength I of the surrounding solution on the 
distribution of diffusive ionic concentrations, the simulations are conducted and shown 
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in Figures 4.20-22, with eV =0.10V, 0.10
0 =fc mM, 10=L mm, 2=h mm and 
=I 1.0, 2.0, 4.0, 6.0 and 8.0mM, respectively. It is found from Figure 4.20 that, with 
increasing the ionic strength I, the distribution of H+ concentration decreases rapidly 
within the hydrogels, and the distance reduces between the two hydrogel-solution 
interfaces. This means the shrinking of the hydrogel strip. On the other hand, Figures 
4.21 and 4.22 reveal that the distributions of the concentrations of the diffusive ions, 
Na+ and Cl-, within the hydrogels increase rapidly with increasing ionic strength I. 
Actually the increase of ionic strength I makes more contribution into the increase of 
concentration of the surrounding solution, relatively compared with the contribution 
into that in the hydrogels. This reduces the concentration differences of diffusive ionic 
species between the hydrogel-solution interfaces, resulting in the decrease of the 
osmotic pressure. Therefore, the hydrogels shrink. The similar phenomena are 
observed in the experiments (Sannino et al., 2005; Caykara and Aycicek, 2005). 
For study of the influence of ionic strength I of the surrounding solution on the 
distributions of electric potential ψ  and fixed-charge density fc  of the hydrogel, the 
simulations are conducted and shown in Figures 4.23 and 4.24, with eV =0.10V, 
0.100 =fc mM, 10=L mm, 2=h mm and =I 1.0, 2.0, 4.0, 6.0 and 8.0mM, 
respectively. It is observed from Figure 4.23 that, with increasing the ionic strength I, 
the gradient of electric potential ψ  within the hydrogel increases, and the distribution 
of electric potential ψ  looks linear in the whole domain covering the hydrogel and 
bathing solution, especially at high ionic strength I. Probably, the higher ionic strength 
makes the mobile ions diffuse more into the hydrogel, then the conductivity of 
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hydrogels is almost equal to that of surrounding solutions, which results in the electric 
potential ψ  quasi-linearly distribute in the whole domain. From Figure 4.24, it is 
known that the fixed charge density fc  and the corresponding gradient in the 
hydrogel increase with the ionic strength I. It is noted that the dissociation of 
carboxylic groups in the polymeric matrix imparts ionic character to the hydrogels and 
affects the ion osmotic swelling pressure (Bajpai, 2001). In fact, as the ionic strength I 
increases, more contribution into the increase of the concentration in the surrounding 
solution, relatively compared with the contribution to that in the hydrogels. This 
reduces the concentration differences of diffusive ions between the hydrogel-solution 
interfaces. The reducing concentration differences decrease the osmotic pressure. It is 
also observed from the experimental swelling phenomena of polyelectrolyte gels that 
the osmotic pressure reduces ultimately the equilibrium swelling capacity of the 
hydrogels. Then the hydrogels shrink. This makes the fixed charge density and the 
corresponding gradient increase (Khare and Peppas, 1995). 
For study of the influence of ionic strength I of the surrounding solution on the 
variation of hydrogel displacement u, the simulations are conducted and shown in 
Figure 4.25, with eV =0.10V, 0.10
0 =fc mM, 10=L mm, 2=h mm and =I 1.0, 2.0, 
4.0, 6.0 and 8.0mM, respectively. It is found that, with increasing the ionic strength I, 
the hydrogel displacement u decreases and the displacement distribution changes to 
nonlinear profile from linear one.  
Figure 4.26 illustrates the influence of the ionic strength I on the variation of 
average curvature aK  with 0.10
0 =fc mM, eV =0.08, 0.2 and 0.4(V), respectively. It 
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is shown that an optimal I value of the surrounding solution triggers the hydrogel strip 
to reach the largest bending deformation. When the ionic strength I is bigger than the 
optimal value, the bending deformation of hydrogel strip decreases. The simulation 
results are consistent with the experimental phenomena (Sun et al., 2001; Fei et al., 
2002). 
 
4.5.4 Effect of Ionic Valence 
 
To further understand the influences of various physical parameters on the 
deformation of the hydrogels in response to electric stimulus, several simulations are 
carried out with the following input parameters, 3145.8=R J/mol⋅K, 
410648.9 ×=F C/mol, 298=T K, 120 10854.8 −×=ε C2/Nm2, 80=ε , 
12.023 =+ ss μλ MPa, 1−=fz . In this subsection, the influences of the externally 
applied electric field eV  and ionic valence || kz  are examined on the equilibrium 
behavior of the electric-sensitive hydrogel. 
Figures 4.27 and 4.28 illustrate the influence of the ionic valence || kz  of the 
surrounding solution on the distributions of diffusive ionic concentrations, where 
eV =0.10V, 0.2
0 =fc mM, 0.1* =c mM, 10=L mm, 2=h mm and =|| kz 1, 2, and 3, 
respectively. It is noted that the changes of the concentrations distribution of diffusive 
ionic species when || kz  varies from 1 to 2 is much more than those when || kz  
varies from 2 to 3. In fact, if the surrounding solution is changed from univalent 
electrolyte to bivalent or trivalent one, the concentration difference of diffusive cations 
decreases significantly between the hydrogel and solution, the variation of the 
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concentration distributions is relatively small for the diffusive anions. This gives rise to 
the smaller osmotic pressure and then the hydrogels shrink. Anyway, the presently 
computed results agree well with the experimental phenomena (Homma et al., 2000, 
2001). 
Figures 4.29 and 4.30 are plotted for discussion of the influence of the ionic 
valence || kz  of the surrounding solution on the distribution of electric potential ψ  
and fixed-charge density fc  of the hydrogel, where eV =0.10V, 0.2
0 =fc mM, 
0.1* =c mM, 10=L mm, 2=h mm and =|| kz 1, 2 and 3, respectively. It is noted that, 
when || kz  varies from 1 to 2, the changes of the distributions of electric potential ψ  
and fixed-charge density fc  are much larger than those when || kz  varies from 2 to 
3. If the surrounding solution is changed from univalent electrolyte to bivalent or 
trivalent one, the concentration difference of diffusive cations decreases obviously 
between the hydrogel and solution, the variation of the concentration distributions of 
the diffusive anions is relatively small. The presence of the negative charge groups 
fixed onto the hydrogel networks may be the reason for the observed results. To 
maintain the electroneutrality condition in the hydrogel, the amount of single-valent 
ions (such as sodium ions Na+) required to bind to the carboxylate ions will be almost 
the double of the amount of bivalent ions (such as calcium ions Ca2+) for the same 
degree of ionization inside the polymer network. As such, when the ion valence 
increases, the ion osmotic pressure decreases significantly, because fewer amount of 
counterions diffuse into the hydrogel to neutralize the fixed charge groups. This 
reduces the osmotic pressure and then causes the hydrogels to shrink, which agrees 
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well with the experimental phenomena (Siegel and Firestone, 1988; Siegel, 1990b; 
Homma et al., 2000, 2001; Bajpai, 2001). 
Figure 4.31 indicates the influence of the ionic valence || kz  of the surrounding 
solution on the hydrogel displacement u, where 0.1VeV = , 0.20 =fc mM, 
0.1* =c mM, 10=L mm, 2=h mm and =|| kz 1, 2, and 3, respectively. It is noted 
that the changes of the hydrogel displacement u when || kz  varies from 1 to 2 is much 
more than those when || kz  varies from 2 to 3. It is also seen that the hydrogel 
displacements u distribute nonlinearly at =|| kz 2 and 3. The presently computed 
results agree well with the experimental phenomena (Homma et al. 2000, 2001). 
Figure 4.32 examines the influence of the ionic valence on the bending 
deformation of the electric-sensitive hydrogel. It is shown that the average curvature 
aK  increases linearly at the beginning stage of the applied electric voltage, while the 
aK increases gradually as the applied voltage is intensified. It is also found that the 
magnitude of aK  increases with the increment of ionic valence, especially when |zk| 
increases from 1 to 2. Figure 4.33 shows the impact of the ionic valence on the 
swelling ratio of the hydrogel. The hydrogel shows the essential behavior whereby the 




This chapter has modeled and simulated the equilibrium responsive behaviors 
of stimulus-sensitive hydrogels subject to the externally applied electric field. The 
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refined model can be used to explain and predict theoretically the experimental 
phenomena of the distributions of ionic concentration, electric potential and network 
deformation. By direct comparison with experimental data, the rMECe model for the 
electric-sensitive hydrogels presented in this chapter has been verified and can be 
reasonably used to examine how the equilibrium response of electric-sensitive 
hydrogels is triggered by externally applied DC electric voltage, to show the 
distributions of ionic concentrations and the electric potential as well as the fixed 
charge density across the domain of both hydrogel and surrounding solution, and to 
evaluate the effects of various conditions on the behaviors of the electric-sensitive 
hydrogels. 
 




Figure 4.1  Computational flowchart of rMECe model. 
 




Figure 4.2  Schematic diagram of a hydrogel strip immersed in bath solution under 
externally applied electric field. 
 
 
Figure 4.3  Comparison of numerically computed results with experimental data
(Zhou et al., 2002). 




Figure 4.4  Distribution of diffusive ionic concentrations without external electric 
field ( 0eV = ). 
 
 
Figure 4.5 Distribution of the diffusive ionic concentrations with external electric 
field ( 0.04eV = V). 




Figure 4.6 Influence of the externally applied electric voltage eV  on the 
distribution of the diffusive Na+ concentration ( 0.40 =fc mM, 
0.2* =c mM, || kz =1). 
 
 
Figure 4.7 Influence of the externally applied electric voltage eV  on the 
distribution of the diffusive −Cl  concentration ( 0.40 =fc mM, 
0.2* =c mM, || kz =1). 




Figure 4.8 Influence of the externally applied electric voltage eV  on the 
distribution of the electric potential ψ ( 0.40 =fc mM, 0.2* =c mM, 
|| kz =1). 
 
 
Figure 4.9 Influence of the externally applied electric voltage eV  on the 
distribution of the fixed charge density fc  ( 0.4
0 =fc mM, 0.2* =c mM, 
|| kz =1). 




Figure 4.10 Influence of the externally applied electric voltage eV  on the 
displacement u  of the hydrogel strip ( 0.40 =fc mM, 0.2* =c mM, 
|| kz =1). 
 
 
Figure 4.11  Influence of the externally applied electric voltage eV  on the curvature 
aK  of the hydrogel strip ( 0.4
0 =fc mM, 0.2* =c mM, || kz =1). 




Figure 4.12 Influence of the initially fixed charge density 0fc  on the distributions 
of the diffusive Na+ concentration ( eV =0.12V, 0.1
* =c mM, || kz =1). 
 
 
Figure 4.13 Influence of the initially fixed charge density 0fc  on the distributions 
of the diffusive Cl concentration ( eV =0.12V, 0.1
* =c mM, || kz =1). 




Figure 4.14  Influence of initially fixed charge density 0fc  on the distribution of 
           electric potential ψ  ( eV =0.12V, 0.1* =c mM, || kz =1). 
 
 
Figure 4.15  Influence of initially fixed charge density 0fc  on the distribution of 
  fixed charge density fc  ( eV =0.12V, 0.1
* =c mM, || kz =1). 




Figure 4.16 Influence of initially fixed charge density 0fc  on the variation of 
displacement u ( eV =0.12V, 0.1
* =c mM, || kz =1). 
 
 
Figure 4.17 Coupling influence of externally applied voltage eV  and the initially 
fixed charge density 0fc  on the average curvature aK  ( 0.2
* =c mM, 
|| kz =1). 




Figure 4.18 Coupling influence of the initially fixed charge density 0fc  and 
externally applied electric voltage eV  on the average curvature aK  
( 0.2* =c mM, || kz =1). 
 
 
Figure 4.19 Coupling influence of externally applied voltage eV  and the hydrogel 
strip thickness h on the average curvature aK  ( 0.10
0 =fc mM, 
0.1* =c mM, || kz =1). 




Figure 4.20 Influence of the ionic strength I of bath solution on the distributions of 
            the diffusive H+ concentration ( eV =0.10V, 0.10
0 =fc mM). 
 
 
Figure 4.21 Influence of the ionic strength I of the bath solution on the distributions 
of the diffusive Na+ concentration ( eV =0.10V, 0.10
0 =fc mM). 




Figure 4.22 Influence of the ionic strength I of the bath solution on the distributions 
of the diffusive Cl concentration ( eV =0.10V, 0.10
0 =fc mM). 
 
 
Figure 4.23  Influence of ionic strength I of bath solution on the distribution of 
electric potential ψ  ( eV =0.10V, 0.100 =fc mM). 




Figure 4.24   Influence of ionic strength I of bath solution on the distribution of fixed 
charge density fc   ( eV =0.10V, 0.10
0 =fc mM). 
 
 
Figure 4.25 Influence of ionic strength I on the variation of displacement u 
( eV =0.10V, 0.10
0 =fc mM). 




Figure 4.26 Influence of ionic strength I on the average curvature aK  of the 
hydrogel strip ( 0.100 =fc mM). 
 
 
Figure 4.27 Influence of the ionic valence || kz  of the bath solution on the 
distributions of the diffusive cation concentration ( eV =0.10V, 
0.20 =fc mM, 0.1* =c mM). 




Figure 4.28 Influence of the ionic valence || kz  of the bath solution on the 
distributions of the diffusive anion concentration ( eV =0.10V, 
0.20 =fc mM, 0.1* =c mM). 
 
 
Figure 4.29  Influence of ionic valence || kz  of bath solution on the distribution of 
electric potential ψ  ( eV =0.10V, 0.20 =fc mM, 0.1* =c mM). 




Figure 4.30  Influence of ionic valence || kz  of bath solution on the distribution of 
fixed charge density fc  ( eV =0.10V, 0.2
0 =fc mM, 0.1* =c mM). 
 
 
Figure 4.31 Influence of ionic valence || kz  on the variation of displacement u 
( eV =0.10V, 0.2
0 =fc mM, 0.1* =c mM). 




Figure 4.32 Influence of ionic valence || kz  on the variation of curvature aK
( eV =0.10V, 0.2
0 =fc mM, 0.1* =c mM). 
 
 
Figure 4.33 Influence of ionic valence || kz  on the swelling ratio of the hydrogel 
( eV =0.10V, 0.2
0 =fc mM, 0.1* =c mM). 
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Chapter 5 
Conclusions and Future Work 
 
This thesis has conducted a series of studies aimed at obtaining a better 
understanding of responsive behaviors of the environmentally sensitive hydrogels. 
This is accomplished by establishing a set of mathematical models for studying 
environmentally sensitive hydrogels systems. The objectives of this chapter are to 
summarize all the studies completed in this thesis, to discuss some remaining 
controversies, and to suggest the several future studies. 
 
5.1  Conclusions 
 
In this thesis, a theoretical consideration related to the equilibrium behaviors of 
the environmental-sensitive hydrogels has been presented. Furthermore, it has dealt 
with the chemo-electro-mechanical coupled effect on the environmental-sensitive 
hydrogels responsive to the stimuli of the electric field, pH-electric coupled 
environment and blood glucose concentration, respectively. The corresponding 
mathematical models have been developed and termed the refined 
Multi-Effect-Coupling electric-stimulus (rMECe) model, the Multi-Effect-Coupling 
pH-electric coupled stimuli (MECpHe) model, and the Multi-Effect-Coupling 
glucose-stimulus (MECglu) model. These studies are based on the hypothesis that, 
when the environmental stimulus, such as the electric field, solution pH and blood 
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glucose concentration, is imposed to the hydrogels composed of elastic solid matrix, 
interstitial fluid and ionic species, the free energy of hydrogel system will decrease and 
the chemical energy will be converted into mechanical energy, which can cause the 
hydrogels to swell and/or bend until the increase of mechanical energy of the elastic 
solid matrix balances the decrease of the free energy of the system (Peppas and Merrill, 
1977). These models consist of Poisson-Nernst-Planck equations for the ion transport 
within both the surrounding solution and the hydrogel, and the governing equations for 
the mechanical finite deformation of the environmental-sensitive hydrogels. They can 
predict the distributions of the ionic species concentrations, the electric potential and 
the fixed charge density, and the profiles of the displacement, swelling ratio and 
bending curvature of the hydrogels. 
In the three models, the MECglu model has been used successfully for analysis 
of the responsive behaviors of equilibrium glucose-sensitive hydrogels responding to 
the change of the blood glucose concentration. The model can explain well the 
experimental phenomena of the distribution of ionic concentration, electric potential 
and network deformation. Many physical parameters can affect the responsive 
behaviors of equilibrium glucose-sensitive hydrogels. The enzymes, consisting of 
glucose oxidase (GOD) and catalase, will convert the glucose into gluconic acid and 
lower the pH in the hydrogel. The concentration of the enzymes is one of the major 
factors in an enzyme-mediated reaction. Compared with the glucose concentration of 
human being blood and owning to its low solubility in aqueous solution, the sparse 
availability of oxygen is known to be a fundamental limitation of all implanted glucose 
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oxidase-based sensitive devices. The physiological pH will change from 6.7 to 7.8, and 
in this rang of pH, the SDM-PDMMa hydrogel shows dramatical pH-dependent 
volume transition (Kang and Bae, 2003). The density of fixed charge groups on the 
crosslinking chains regulates efficiently the volume phase transition of hydrogels. The 
increase of the ionic strength of environmental solution inherently and spontaneously 
decreases the swelling of anionic and cationic hydrogels. The suitable geometry can 
endow the hydrogel system fast response to the external stimuli, high mechanical 
strength, better physical integrity and storage capacity (Suzuki and Kumagai, 2003; 
Ziaie et al., 2004). The mechanical properties of polymeric network directly affect the 
deformation of the hydrogel system, which result from the chain structure of the 
materials (Arridge, 1975). Despite the complexity of the swelling mechanism, the 
developed model in Chapter 2 has studied systematically the effects of various 
parameters on the distributions of diffusive ionic concentration and electric potential in 
both the hydrogel and the surrounding solution, and distributions of the degree of 
equilibrium swelling and the displacement as well as swelling ratio of the 
glucose-sensitive hydrogels. 
The multi-effect-coupling pH-electric-stimuli (MECpHe) model has been 
presented for polyelectrolyte hydrogels subjected to simultaneous changes in the 
solution pH and an external electric field. It is a chemo-electro-mechanical coupled 
model that incorporates the fixed charge density, the finite deformation of the hydrogel, 
the electric field and mobile ionic species inside the hydrogel as well as in the 
surrounding solvent. The model, comprising nonlinear coupled governing equations, 
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moving boundaries and steep gradients at the solvent/hydrogel interface, has been 
solved by a hierarchical iteration technique and the meshless Hermite-cloud method. 
The model has then been validated with experimentally measured bending angles of a 
hydrogel strip at various pH values in an electric field, and good agreement is found. 
Furthermore, the model is applied to investigate the steady-state bending deformation 
of a hydrogel strip. The influences of the externally applied electric voltage and pH are 
discussed in detail for the distributions of mobile ionic species, the electric potential, 
the fixed charge density and the displacement of the hydrogel. 
As the key external stimulus, the externally applied electric field is found to 
play a critically important role in the responses of the electric-sensitive hydrogels. Due 
to the drag force of electric field, the mobile ions in the bath solution diffuse into the 
hydrogels and cause the ionic concentration difference over the both hydrogel-solution 
interfaces. Different concentrations result in the different osmotic pressure at both 
interfaces, which gives rise to the hydrogel bending deformation. A comparison of 
simulating results by the rMECe model is conducted numerically with the 
experimental data (Zhou et al. 2002) for a given hydrogel strip with positive fixed 
charge groups. A substantial agreement in the comparison between the computation 
and experiment is achieved, which validates the rMECe model suitable for simulation 
of the electric-sensitive hydrogels. 
The purpose of this thesis is to model and simulate the equilibrium behaviors of 
the environmental-sensitive hydrogels. To this end, the three models have been 
developed and this thesis has made the following contributions in this area: 
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• the responsive mechanism is described for the equilibrium behavior of 
environmentally sensitive hydrogel based on 
chemo-electro-mechanical theories; 
• the diffusion-reaction relation is investigated for the glucose-sensitive 
hydrogel; 
• the density of fixed charge groups is reformulated and incorporated into 
the Poisson-Nernst-Planck systems to describe the diffusion of mobile 
ions. The finite deformation theory is employed for the equilibrium 
mechanical deformation;  
• the profiles are plotted and discussed for the distribution of diffusive ionic 
concentration and electric potential in both the hydrogel and the 
surrounding solution, the fixed charge density, the displacement, the 
curvature and swelling ratio of the environmentally sensitive 
hydrogels; 
• the influences of several important physical and chemical conditions are 
investigated on the equilibrium behaviors of the 
environmental-sensitive. 
In addition, the agreements between the simulated results and the experimental 
phenomena have been achieved for the three models, which indicate that the 
mathematical models based on the multiphasic theory provide a possible tool for 
simulation of the complicated nonlinear responses. The numerical predictions of the 
models don’t agree exactly with the really measured data. However, they are closely 
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coherent with the qualitative observations of the experimental data, and do provide a 
benchmark to the behavior of the stimulus-sensitive hydrogels under the wide range of 
environmental conditions, which have been analyzed and illustrated in the parametric 
studies. 
 
5.2  Future Work 
 
Mathematical modeling of the environmentally sensitive hydrogels still has a 
long way to go. Even though the present three models have been validated by 
comparison of the simulated results with the published experimental data, the models 
are not meant to reproduce exactly the data from experimental measurements for 
several important physical parameters, but rather to provide a platform for observation 
of the fundamental effects of these parameters on the equilibrium behaviors of the 
environmentally sensitive hydrogels. Future work remains to be done in these models 
to quantitatively accounts for more experimental data to examine the generality of the 
proposed models.  
Due to the complexity of the chemo-electro-mechanical coupled effects, some 
assumptions and approximations have been made in the mathematical models, which 
should be further improved. The fluid velocity has been assumed to be a negligible 
effect in developed models. In fact, the convection item should not be neglected in the 
Nernst-Planck equation for determining the swelling/deswelling of the smaller 
hydrogels when the environment has obviously fluidic flow (De and Aluru, 2004). The 
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insight gained from this effort would likely help developing comprehensive models for 
the complex material behavior.  
All the numerical simulations conducted are for the equilibrium and 
steady-state case studies, which is merely a foundation stone for the solution to a much 
more general problem. A thorough knowledge of the response of the environmentally 
sensitive hydrogels relies on fully understanding of the relationships between transient 
behavior and stimuli. Future work is suggested to focus on developing and 
understanding these relationships, and then incorporating them with the present 
equilibrium studies into a more usefully predictive and robust constitutive model.  
In this thesis, the hydrogels are assumed to be homogenous. Therefore, the 
possible effect from irregular geometry is neglected. Extension of the present 
one-dimensional formulations to two- or three-dimensional model may help to 
understand the possible influences of the key parameters.  
Further study is also recommended to investigate the effect of the electrolysis 
near the electrodes, which could change the environmental conditions. When an 
electric field is applied to the bath solution where the hydrogel is immersed into, the 
electrochemical reactions occur near the electrodes. It is recommended that future 
work could focus on the bending deformation of the hydrogel which may be affected 
by the local ionic concentration gradient attributed to water electrolysis. 
The diffusion causes the hydrogel swelling and its surface erosion, which 
strongly affects the release profile of drug contemporarily (Nam et al., 2004). In the 
enzyme-loaded hydrogels, the oxygen concentration plays a role of bottleneck for the 
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reaction of conversion glucose into gluconic acid. It is desired to develop more 
physical-based diffusion-reaction relations and to overcome the limitation due to the 
oxygen depletion for the glucose-sensitive hydrogels, which is meaningful to feasibly 
design a “closed loop” insulin delivery system in terms of the oxygen delivery, the 
glucose responsiveness and the fast response time.  
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Appendix Discretization of Formulations of MECglu Model 
 
In order to efficiently develop the computational source codes for the MECglu 




























































where x , u , kc , fc , ψ  are the dimensionless variables of coordinates, 
displacement, diffusive species concentration, fixed charge density and electric 
potential, respectively. refL , refc , refψ , τ  and η  are the referenced dimensionless 
configurations of characteristic length, concentration, electric potential, time and 
weighted coefficient, respectively. 
So far, the development of the MECglu model has been completed and the 
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Based on the assumptions mentioned in Section 2.2, only first two terms will be 
considered in the present studies for the Nernst-Planck equation (A.2). 
2 2
max
2 2 0( )
g oxk k k k k k
k ox g g ox g
V c cc z F c z Fc v
x RT x x RT x D c c K K c
ψ ψ⎡ ⎤∂ ∂ ∂ ∂+ + + =⎢ ⎥∂ ∂ ∂ ∂ + +⎣ ⎦  
Appendix  Discretization of Formulations of MECglu Model 
263 
2 2
max2 2 ( ) 0
k k k k k k
ox g g ox g g ox
k
c z F c z Fc vc c K K c V c c
x RT x x RT x D
ψ ψ⎡ ⎤∂ ∂ ∂ ∂ ⎡ ⎤+ + + + + =⎢ ⎥ ⎣ ⎦∂ ∂ ∂ ∂⎣ ⎦  (A.3) 
The chemical reaction, GOD/Catalase2
1Glucose O Gluconate H
2
++ ⎯⎯⎯⎯⎯→ + , is in the hydrogel, 
then the stoichiometric coefficient for the four chemical substances is 1gv = − , 
1/ 2oxv = − , 1av =  and 1Hv + = , respectively. And the chemical reaction ratio r  is 
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Nondimensional implementation 
Nondimensional Nernst-Planck Equations 
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In the equation (A.12), k represents the kth species. In the present studies, totally there 
are six species, H+ , 6 12 6C H O , 2O , gluconate acid, 
+Na  and Cl− , to be considered. 
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⇒ = +        for cationic hydrogel       (A.21) 
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Finally, the non-dimensional nonlinear MECglu model consisting of governing 
equations are briefly summarized as 
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Discretization implementation 
In order to solve the MECglu system by the Hermite-cloud technique (Li et al., 
2003), the governing equations mentioned above should be discretized. 
 
Spatial discretization for the primary variables 
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where np is the number of points scattered in the computational domain, N and M are 
the appropriate Hermite-cloud shape functions depending on the highest order of the 
governing equations. The subscripts after the comma denote the derivatives with 
respect to the variable. The first order derivatives of the primary variable, i.e., kxc , xψ , 
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After complicated formulation, the nondimensional discrete form of the 
steady-state partial differential governing equations of the MECglu model and auxiliary 
equations is finally obtained as 
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, ,
1 1 1 1
( ) ( ( ) ) ( ) ( )
np np np np
g n i oxn n i n m i oxm x n xx i kn
n m n n
K N x c x N x x M x c N x c
= = = =
⎡ ⎤ ⎡ ⎤+ + −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑ ∑ ∑  
, ,
1 1 1 1
( ) ( ( ) ) ( ) ( )
np np np np
ox n i gn n i n m i gm x n xx i kn
n m n n
K N x c x N x x M x c N x c
= = = =
⎫⎡ ⎤ ⎡ ⎤+ + − ⎬⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎭∑ ∑ ∑ ∑  
,
1 1 1
( ) ( ( ) ) ( )
np np np
k n i gn n i n m i gm x
n m n
z N x c x N x x M x cη
= = =
⎧ ⎡ ⎤+ + −⎨ ⎢ ⎥⎣ ⎦⎩ ∑ ∑ ∑  
,
1 1 1
( ) ( ( ) ) ( )
np np np
n i oxn n i n m i oxm x
n m n
N x c x N x x M x c
= = =
⎡ ⎤× + −⎢ ⎥⎣ ⎦∑ ∑ ∑  
, ,
1 1
( ) ( )
np np
m i km x m i m x
m m
M x c M x ψ
= =
⎡ ⎤ ⎡ ⎤×⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑  
,
1 1 1
( ) ( ( ) ) ( )
np np np
k g n i oxn n i n m i oxm x
n m n
z K N x c x N x x M x cη
= = =
⎡ ⎤+ + −⎢ ⎥⎣ ⎦∑ ∑ ∑
, ,
1 1
( ) ( )
np np
m i km x m i m x
m m
M x c M x ψ
= =
⎡ ⎤ ⎡ ⎤×⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑  
,
1 1 1
( ) ( ( ) ) ( )
np np np
k ox n i gn n i n m i gm x
n m n
z K N x c x N x x M x cη
= = =
⎡ ⎤+ + −⎢ ⎥⎣ ⎦∑ ∑ ∑
, ,
1 1
( ) ( )
np np
m i km x m i m x
m m
M x c M x ψ
= =
⎫⎡ ⎤ ⎡ ⎤× ⎬⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎭∑ ∑  
,
1 1 1
( ) ( ( ) ) ( )
np np np
k n i gn n i n m i gm x
n m n
z N x c x N x x M x cη
= = =
⎧ ⎡ ⎤+ + −⎨ ⎢ ⎥⎣ ⎦⎩ ∑ ∑ ∑  
,
1 1 1
( ) ( ( ) ) ( )
np np np
n i oxn n i n m i oxm x
n m n
N x c x N x x M x c
= = =
⎡ ⎤× + −⎢ ⎥⎣ ⎦∑ ∑ ∑  
, ,
1 1 1 1
( ) ( ( ) ) ( ) ( )
np np np np
n i kn n i n m i km x n xx i n
n m n n
N x c x N x x M x c N x ψ
= = = =
⎡ ⎤ ⎡ ⎤× + −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑ ∑ ∑  




( ) ( ( ) ) ( )
np np np
k g n i oxn n i n m i oxm x
n m n
z K N x c x N x x M x cη
= = =
⎡ ⎤+ + −⎢ ⎥⎣ ⎦∑ ∑ ∑  
, ,
1 1 1 1
( ) ( ( ) ) ( ) ( )
np np np np
n i kn n i n m i km x n xx i n
n m n n
N x c x N x x M x c N x ψ
= = = =
⎡ ⎤ ⎡ ⎤× + −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑ ∑ ∑  
,
1 1 1
( ) ( ( ) ) ( )
np np np
k ox n i gn n i n m i gm x
n m n
z K N x c x N x x M x cη
= = =
⎡ ⎤+ + −⎢ ⎥⎣ ⎦∑ ∑ ∑  
, ,
1 1 1 1
( ) ( ( ) ) ( ) ( )
np np np np
n i kn n i n m i km x n xx i n
n m n n
N x c x N x x M x c N x ψ
= = = =
⎫⎡ ⎤ ⎡ ⎤× + − ⎬⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎭∑ ∑ ∑ ∑  
max ,
1 1 1
( ) ( ( ) ) ( )
np np np
k
n i gn n i n m i gm x
n m nk
v V N x c x N x x M x c
D = = =
⎡ ⎤+ + −⎢ ⎥⎣ ⎦∑ ∑ ∑  
,
1 1 1
( ) ( ( ) ) ( )
np np np
n i oxn n i n m i oxm x
n m n
N x c x N x x M x c
= = =
⎡ ⎤× + −⎢ ⎥⎣ ⎦∑ ∑ ∑  
= ,
1 1 1
( ) ( ) ( )
np np np
n i gn n i oxn n xx i kn
n n n
N x c N x c N x c
= = =
⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦∑ ∑ ∑  
, ,
1 1 1 1
( ) ( ( ) ) ( ) ( )
np np np np
n i gn n i n m i oxm x n xx i kn
n m n n
N x c x N x x M x c N x c
= = = =
⎡ ⎤ ⎡ ⎤ ⎡ ⎤+ −⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦∑ ∑ ∑ ∑  
, ,
1 1 1 1
( ( ) ) ( ) ( ) ( )
np np np np
n i n m i gm x n i oxn n xx i kn
m n n n
x N x x M x c N x c N x c
= = = =
⎡ ⎤ ⎡ ⎤ ⎡ ⎤+ −⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦∑ ∑ ∑ ∑  
, ,
1 1 1 1
( ( ) ) ( ) ( ( ) ) ( )
np np np np
n i n m i gm x n i n m i oxm x
m n m n
x N x x M x c x N x x M x c
= = = =









⎡ ⎤×⎢ ⎥⎣ ⎦∑  
,
1 1
( ) ( )
np np
g n i oxn n xx i kn
n n
K N x c N x c
= =
⎡ ⎤ ⎡ ⎤+ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑  
, ,
1 1 1
( ( ) ) ( ) ( )
np np np
g n i n m i oxm x n xx i kn
n n n
K x N x x M x c N x c
= = =
⎡ ⎤ ⎡ ⎤+ −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑ ∑  
,
1 1
( ) ( )
np np
ox n i gn n xx i kn
n n
K N x c N x c
= =
⎡ ⎤ ⎡ ⎤+ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑
, ,
1 1 1
( ( ) ) ( ) ( )
np np np
ox n i n m i gm x n xx i kn
m n n
K x N x x M x c N x c
= = =
⎡ ⎤ ⎡ ⎤+ −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑ ∑  
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, ,
1 1 1 1
( ) ( ) ( ) ( )
np np np np
k n i gn n i oxn m i km x m i m x
n n m m
z N x c N x c M x c M xη ψ
= = = =
⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤+ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦∑ ∑ ∑ ∑  
,
1 1 1
( ) ( ( ) ) ( )
np np np
k n i gn n i n m i oxm x
n m n
z N x c x N x x M x cη
= = =
⎡ ⎤ ⎡ ⎤+ −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑ ∑
, ,
1 1
( ) ( )
np np
m i km x m i m x
m m
M x c M x ψ
= =
⎡ ⎤ ⎡ ⎤×⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑  
,
1 1 1
( ( ) ) ( ) ( )
np np np
k n i n m i gm x n i oxn
m n n
z x N x x M x c N x cη
= = =
⎡ ⎤ ⎡ ⎤+ −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑ ∑
, ,
1 1
( ) ( )
np np
m i km x m i m x
m m
M x c M x ψ
= =
⎡ ⎤ ⎡ ⎤×⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑  
, ,
1 1 1 1
( ( ) ) ( ) ( ( ) ) ( )
np np np np
k n i n m i gm x n i n m i oxm x
n n m n
z x N x x M x c x N x x M x cη
= = = =
⎡ ⎤ ⎡ ⎤+ − −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑ ∑ ∑
, ,
1 1
( ) ( )
np np
m i km x m i m x
m m
M x c M x ψ
= =
⎡ ⎤ ⎡ ⎤×⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑  
, ,
1 1 1
( ) ( ) ( )
np np np
k g n i oxn m i km x m i m x
n m m
z K N x c M x c M xη ψ
= = =
⎡ ⎤ ⎡ ⎤ ⎡ ⎤+ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦∑ ∑ ∑  
, , ,
1 1 1 1
( ( ) ) ( ) ( ) ( )
np np np np
k g n i n m i oxm x m i km x m i m x
m n m m
z K x N x x M x c M x c M xη ψ
= = = =
⎡ ⎤ ⎡ ⎤ ⎡ ⎤+ −⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦∑ ∑ ∑ ∑  
, ,
1 1 1
( ) ( ) ( )
np np np
k ox n i gn m i km x m i m x
n m m
z K N x c M x c M xη ψ
= = =
⎡ ⎤ ⎡ ⎤ ⎡ ⎤+ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦∑ ∑ ∑  
, , ,
1 1 1 1
( ( ) ) ( ) ( ) ( )
np np np np
k ox n i n m i gm x m i km x m i m x
m n m m
z K x N x x M x c M x c M xη ψ
= = = =
⎡ ⎤ ⎡ ⎤ ⎡ ⎤+ −⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦∑ ∑ ∑ ∑  
,
1 1 1 1
( ) ( ) ( ) ( )
np np np np
k n i gn n i oxn n i kn n xx i n
n n n n
z N x c N x c N x c N xη ψ
= = = =
⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤+ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦∑ ∑ ∑ ∑  
1 1
( ) ( )
np np
k n i gn n i oxn
n n
z N x c N x cη
= =
⎡ ⎤ ⎡ ⎤+ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑  
, ,
1 1 1
( ( ) ) ( ) ( )
np np np
n i n m i km x n xx i n
m n n
x N x x M x c N x ψ
= = =
⎡ ⎤ ⎡ ⎤× −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑ ∑  
,
1 1 1
( ) ( ( ) ) ( )
np np np
k n i gn n i n m i ox x
n m n
z N x c x N x x M x cη
= = =
⎡ ⎤ ⎡ ⎤+ −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑ ∑




( ) ( )
np np
n i kn n xx i n
n n
N x c N x ψ
= =
⎡ ⎤ ⎡ ⎤×⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑  
,
1 1 1
( ) ( ( ) ) ( )
np np np
k n i gn n i n m i ox x
n m n
z N x c x N x x M x cη
= = =
⎡ ⎤ ⎡ ⎤+ −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑ ∑  
, ,
1 1 1
( ( ) ) ( ) ( )
np np np
n i n m i km x n xx i n
m n n
x N x x M x c N x ψ
= = =
⎡ ⎤ ⎡ ⎤× −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑ ∑  
,
1 1 1
( ( ) ) ( ) ( )
np np np
k n i n m i g x n i oxn
m n n
z x N x x M x c N x cη
= = =
⎡ ⎤ ⎡ ⎤+ −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑ ∑
,
1 1
( ) ( )
np np
n i kn n xx i n
n n
N x c N x ψ
= =
⎡ ⎤ ⎡ ⎤×⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑  
,
1 1 1
( ( ) ) ( ) ( )
np np np
k n i n m i gm x n i oxn
m n n
z x N x x M x c N x cη
= = =
⎡ ⎤ ⎡ ⎤+ −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑ ∑  
, ,
1 1 1
( ( ) ) ( ) ( )
np np np
n i n m i km x n xx i n
m n n
x N x x M x c N x ψ
= = =
⎡ ⎤ ⎡ ⎤× −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑ ∑  
, ,
1 1 1 1
( ( ) ) ( ) ( ( ) ) ( )
np np np np
k n i n m i g x n i n m i ox x
m n m n
z x N x x M x c x N x x M x cη
= = = =
⎡ ⎤ ⎡ ⎤+ − −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑ ∑ ∑
,
1 1
( ) ( )
np np
n i kn n xx i n
n n
N x c N x ψ
= =
⎡ ⎤ ⎡ ⎤×⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑  
, ,
1 1 1 1
( ( ) ) ( ) ( ( ) ) ( )
np np np np
k n i n m i gm x n i n m i oxm x
m n m n
z x N x x M x c x N x x M x cη
= = = =
⎡ ⎤ ⎡ ⎤+ − −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑ ∑ ∑  
, ,
1 1 1
( ( ) ) ( ) ( )
np np np
n i n m i km x n xx i n
m n n
x N x x M x c N x ψ
= = =
⎡ ⎤ ⎡ ⎤× −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑ ∑  
,
1 1 1
( ) ( ) ( )
np np np
k g n i oxn n i kn n xx i n
n n n
z K N x c N x c N xη ψ
= = =
⎡ ⎤ ⎡ ⎤ ⎡ ⎤+ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦∑ ∑ ∑  
, ,
1 1 1 1
( ) ( ( ) ) ( ) ( )
np np np np
k g n i oxn n i n m i km x n xx i n
n m n n
z K N x c x N x x M x c N xη ψ
= = = =
⎡ ⎤ ⎡ ⎤ ⎡ ⎤+ −⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦∑ ∑ ∑ ∑  
,
1 1
( ( ) ) ( )
np np
k g n i n m i oxm x
m n
z K x N x x M x cη
= =
⎡ ⎤+ −⎢ ⎥⎣ ⎦∑ ∑  
,
1 1
( ) ( )
np np
n i kn n xx i n
n n
N x c N x ψ
= =
⎡ ⎤ ⎡ ⎤×⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑  




( ( ) ) ( )
np np
k g n i n m i oxm x
m n
z K x N x x M x cη
= =
⎡ ⎤+ −⎢ ⎥⎣ ⎦∑ ∑  
, ,
1 1 1
( ( ) ) ( ) ( )
np np np
n i n m i km x n xx i n
m n n
x N x x M x c N x ψ
= = =
⎡ ⎤ ⎡ ⎤× −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑ ∑  
,
1 1 1
( ) ( ) ( )
np np np
k ox n i gn n i kn n xx i n
n n n
z K N x c N x c N xη ψ
= = =
⎡ ⎤ ⎡ ⎤ ⎡ ⎤+ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦∑ ∑ ∑  
, ,
1 1 1 1
( ) ( ( ) ) ( ) ( )
np np np np
k ox n i gn n i n m i km x n xx i n
n m n n
z K N x c x N x x M x c N xη ψ
= = = =
⎡ ⎤ ⎡ ⎤ ⎡ ⎤+ −⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦∑ ∑ ∑ ∑  
,
1 1
( ( ) ) ( )
np np
k ox n i n m i gm x
m n
z K x N x x M x cη
= =
⎡ ⎤+ −⎢ ⎥⎣ ⎦∑ ∑  
,
1 1
( ) ( )
np np
n i kn n xx i n
n n
N x c N x ψ
= =
⎡ ⎤ ⎡ ⎤×⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑  
,
1 1
( ( ) ) ( )
np np
k ox n i n m i gm x
m n
z K x N x x M x cη
= =
⎡ ⎤+ −⎢ ⎥⎣ ⎦∑ ∑  
, ,
1 1 1
( ( ) ) ( ) ( )
np np np
n i n m i km x n xx i n
m n n
x N x x M x c N x ψ
= = =
⎡ ⎤ ⎡ ⎤× −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑ ∑  
max
1 1
( ) ( )
np np
k
n i gn n i oxn
n nk
v V N x c N x c
D = =
⎡ ⎤ ⎡ ⎤+ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑  
max ,
1 1 1
( ) ( ( ) ) ( )
np np np
k
n i gn n i n m i oxm x
n m nk
v V N x c x N x x M x c
D = = =
⎡ ⎤ ⎡ ⎤+ −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑ ∑  
max ,
1 1 1
( ( ) ) ( ) ( )
np np np
k
n i n m i gm x n i oxn
m n nk
v V x N x x M x c N x c
D = = =
⎡ ⎤ ⎡ ⎤+ −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑ ∑  
max , ,
1 1 1 1
( ( ) ) ( ) ( ( ) ) ( )
np np np np
k
n i n m i gm x n i n m i oxm x
m n m nk
v V x N x x M x c x N x x M x c
D = = = =







( ) { [ ( )
np npN
ref ref
n xx i n f f k n i kn
n k n
L cFN x z c z N x c
RT
ψ εε η= = =+ +∑ ∑ ∑       
,
1 1
( ( ) ) ( ) ]} 0
np np
i n i n m i km x
m n
x N x x M x c
= =
+ − =∑ ∑        (A.35) 
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Mechanical Governing Equation 
, , ,
1 1 1
( 2 ){ ( ) 3[ ( ) ][ ( ) ]
npGel npGel npGel
n xx i n m i m x n xx i n
n m n
N x u M x u N x uλ μ
= = =
+ +∑ ∑ ∑       
, , ,
1 1 1
3 [ ( ) ][ ( ) ][ ( ) ]}
2
npGel npGel npGel
m i m x m i m x n xx i n
m m n
M x u M x u N x u
= = =
+ ∑ ∑ ∑  
,
1
[ ( ) ] 0
npGel
ref m i km x
k m
c RT M x c
=





( ) [ ( ) ] ( ) 0
np np np
xn i kn xn i n m i km x
n n m
N x c N x x M x c
= = =
− =∑ ∑ ∑       (A.37) 
,
1 1 1
( ) [ ( ) ] ( ) 0
np np np
xn i n xn i n m i m x
n n m
N x N x x M xψ ψ
= = =
− =∑ ∑ ∑       (A.38) 
,
1 1 1
( ) [ ( ) ] ( ) 0
npGel npGel npGel
xn i n xn i n m i m x
n n m
N x u N x x M x u
= = =
− =∑ ∑ ∑       (A.39) 
where np is the number of the scattered points in all the domains covering the both 
hydrogel and surrounding solution, and npGel is that within the hydrogel domain only. 
According to the Newton-Raphson method, the residuals R  are defined as 
( ) ,
1 1 1
( ) ( ( ) ) ( )
np np np
k
N P i n i gn n i n m i gm x
n m n
R x N x c x N x x M x c−
= = =
⎧⎡ ⎤= + −⎨⎢ ⎥⎣ ⎦⎩ ∑ ∑ ∑
, ,
1 1 1 1
( ) ( ( ) ) ( ) ( )
np np np np
n i oxn n i n m i oxm x n xx i kn
n m n n
N x c x N x x M x c N x c
= = = =
⎡ ⎤ ⎡ ⎤× + −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑ ∑ ∑  
, ,
1 1 1 1
( ) ( ( ) ) ( ) ( )
np np np np
g n i oxn n i n m i oxm x n xx i kn
n m n n
K N x c x N x x M x c N x c
= = = =
⎡ ⎤ ⎡ ⎤+ + −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∑ ∑ ∑ ∑  
, ,
1 1 1 1
( ) ( ( ) ) ( ) ( )
np np np np
ox n i gn n i n m i gm x n xx i kn
n m n n
K N x c x N x x M x c N x c
= = = =
⎫⎡ ⎤ ⎡ ⎤+ + − ⎬⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎭∑ ∑ ∑ ∑  
,
1 1 1
( ) ( ( ) ) ( )
np np np
k n i gn n i n m i gm x
n m n
z N x c x N x x M x cη
= = =
⎧ ⎡ ⎤+ + −⎨ ⎢ ⎥⎣ ⎦⎩ ∑ ∑ ∑  




( ) ( ( ) ) ( )
np np np
n i oxn n i n m i oxm x
n m n
N x c x N x x M x c
= = =
⎡ ⎤× + −⎢ ⎥⎣ ⎦∑ ∑ ∑  
, ,
1 1
( ) ( )
np np
m i km x m i m x
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         (A.46) 
According to the Newton-Raphson method, the nonlinear system can be 
linearized and solved in the form of 
[ ]{ } { }u Rδ = −J          (A.47) 
The [ ]J  is the Jacobian matrix and defined as 
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